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(a) HAC R and k € R, show that, Mk 4,

J % [l ent{ ehere b A = [ = b
11 Show that Lebesgue ouler moasurv k| m (J”‘ where B4 (ke it

& {Qllh' o
. g ~ g ably subadditive

¢) Show that for any A C R wig), m* o
i

4 such that m*(0) < m*(4) 4 S 400, and € > 0, there is an open set O containing
: (5+5+4)

) (a) Prove or disprove: HTACR with m'(A
2 - ' ) = 0, then A is countable.
) Show that every interval is Lebesgue

T wisralile Measyrable, and hence prove that every Borel set is
ebesgue measurable.

(5+9)

. .) Define a Lebesgue measurable - ’
3 a) Deh & _ f‘mct!on. If f is a Lebesgue measurable function and f = 4
a e on E, then show that g is LebeSgUe e

(b) Let E be a Lebesgue mearurable gypge of R,andc € R. If f,g: E = R

measurable functions, show that cf, f 4 g9 and fg are Lebesgue measurable.

(¢) Prove that a real valued monotonica]

are Lebesgue

. y decreasing function on a Lebesgue measurable set is
Lebesgue measurble. (4+6+4)

4. (a) Define the Lebesgue integral of a non-negative Lebesgue measurable function f. Prove that
[fdz=0if and only if f =0 a. e. on E.
(b} If a bounded function f : [a, 0] = R is Riemann integrable, then prove that f is Lebesgue
mtegrable. Is the converse true? Justify. (6+8)
5 {a) State and prove Fatou's Lemma.

(b) Let {/a} be a monotonically increasing sequence of non-negative Lebesgue measurable func-
tions converging to a function f. Prove that [ f de = lim [ f, dx. (10+4)

contd...&
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6. (a) Define & ! .
quality:

] ) 3
and prove Jensen's 1N¢

(b) State
lete.
~ Ghow that [P spaces: 1< pS09 aré comP
(14)
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. (a) Define the notions of

(i) a measurable space,
(i) a signed measure on @ measur
(E) = [ f dbs ¥ [ ] duis g

t with l‘espeCt to & SiBneq as
ned measur Ure v. Proy,
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v rove that a countalde uniorn of

t to a sig N
3 Positive gef, (
' 344+7)
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(b) Show that if ¢
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hen ¢ is a signed measure.
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Henrs

~ T i 3 [ark ¥
AN} 1?1\‘};__11,11_13.14 quesiom fl‘nm t N
wer ANy 22 B
_ hﬁfnl]nwing? (14 x5 =10)
. Define 8 simply connected regjq,. Q:
(A 2 Iy
i region (1 1s sim *two examples
(b l-rm'vthﬂt a .g p ply Cop - i iy 8) PR —"
all points @ which do not belong to ) ed if and only if n(y.@) = 0 for all cycles 7 in 1t and
' - (3+132)
.) State and prove the Residue t-heorem
+ Find a homology basis for the anpy, defined by r1 < ||
v 28 efined by 71 zl <ry.
e
, ———dz, wh .
(c) Evaluale /c (z+1)* ere Cis e circle |z] = 2. (8+4+2)
(a) State and prove the Argument Pringip)
(b) State and prove the Rouche’s theorey,
: 322+z-1 .
(c) Evaluste | T3 1)(z = 3) " Vhere C: g =2
1
(d) Evaluate ]cmdz, where C . g =2 (53+5+2+2)

(a) If u; and ug arc harmonic in a region ), then prove that / uldu; — ujdu, = 0 for every cycle
. . . .7
~ which is homologous to zero in 2.

(h) State and prove the mean value property for harmonic functions. (7+7)

(a) Prove that a non-constant harmonic function defined in a region ) has neither a maximum
nor a minimum in 2.

(b) Let 0t denotes the part in the upper half plane of a symmetric regio
(z) is real and continuous in Q*Uo, harmonic in 7 and

¢ extension to Q which satisfies the symmetric relation
(T+7)

n ©, and let o be the

part of real axis in ). Suppose that v
%10 on 0. Prove that v has a harmon!

v(Z) = —v(2).
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= s jon
a limit fanction f(z ) in regi & M
om Y
; m‘ml}'tu. 1“ Q pact subset of 9! Prowve that f z)
rwil? Lhcorem.

prove the Hu
(T+7)

(b) State and
formly O ey,

n
i i i
a) Show that 1im (1 + —-) = :
. . & i contaip; OMpact gyt "
nj sset of the complex plane

; g 3 1on
o) 1 f(z) i enabtie I8 el ", —ap 8 o
_+_ a— ' then q}
fn show that the representation

;-0 .
f(z) = fla) EZLfa) ot Mgy
centered at @ and contained in €. s valid in the largest open disc
co 1 (T+7)

2
(@) Show that —5—7 = Y Gt

ll'l e R0

vitho
(b) Prove that f(z) is an entire fun¢ ction WItHOUb gepy it
and only if f(z) = e¥?) where ¢(z) 1s

an entire function.

(c) Prove that a necessary and sufficient cond1tégn for the
absolute convergence of the product

oo .

H(l + ay) is the convergence of the series Z lo].

n=1 T (6+3+5)
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Answer APY FIVL 1uestion frg
i ¢ i

st and prove the Cantor’s ; he following
i- a) ¢ o d

4 : l . (.rs . ) . i
sets in the hypothesi are reec'lnn theorem. Show that the theorem fails if the

deq by open sets.

l'lOSCLI

b Prove that every complete ey,
Pace is of second category. (7+7)
2) State and prove the Holder’g in

Minkowski’s inequality. qualily for n — tuples of scalars and deduce the

| number suc}
b) Let p bearea 1 that .
) n - tuples x = oy Xy, o Xy) of\ 1. Prove that the linear space Ip" of all

Stalars forms a Banach space with respect to the
norm given by lxll, = (2?;1|xi|p)%. (8+6)

ite dimensiona]
a) Let N be a finite sional norpeq 1 . : it
fl B3 e} be a basis of g linear space with dimensionn > 0 and le

hOW th - n _-
at themap T: N — ;" given by
= por Xn), v .
T(x) = (2 n) Whenever ; < x,8;, + X282 + -+ Xq€q , is continuous.

(OS]

b) Let L bea linear space made into normed linear space by ||. || and ||. ||". Show that

these two DOTMS ar'e equivalent ifang only if there exist positive reals K; and K; such
that K, llxl < x|l < Kol foran y ¢ 7. (9+5)

4. a) Let N be a nonzero normed linear space. Prove that N is a Banach space if and only if
{x € N:||x|l = 1} is complete asa subspace of N.

b) Define the conjugate space N* of anormed linear space N. Prove that there is an
isometric isomorphism of N into N**. (7+7)

5. State and prove the open mapping theorem. (14
6. a) State and prove the parallelogram law in a Hilbert space H.

b) Define Hilbert space. Prove thata complex Banach space B is a Hilbert space if and
only if the parallelogram law holds in 5. (3+11)

subspace of a Hilbert space H, then prove that there

a)If M i
)If M is a proper closed llﬂearH suchthat zg L M.

exists a nonzero vector Zg in

b)If M and N are closed linear SubsP2® of a Hilbert space H such that M L N, then
are closed 1

is also closed.
Prove that the linear subspace i

. a Hilbert space H, then prove that H = MGM*.
I M is a closed Jinear subspact of (5+6+3)

Contd...2
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a) Foran?© 1156 5.2 \| for Hlbert Space
) Ti=l\X £)ei 16 th and x € H show that
; % = Dyl 8 e,
SIsn

i)

\ tha
fibert space P Wy
byLetH beak that (T'x, " eac
operator 7 € B(H)S such Vs . T € B(H) there exists a unique
') for allx,y € H.

i\hert s
¢) f Tisan operator O a Hilbert Spag, Such
at (Tx,x) = 0 forall x € H, then

show that T = 0: -
Mhrtne, (5+6+3)
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y ford single unknown f‘unclin L ange's equ |r| m in two independent vari ables
-)- ..‘
v ) =0 ), /(\}H} ‘()(rwtl — = R(x.y.u) 13
Fpx) R pr(x, yu) o, * i ?
y=0p ¥ =0, are “ar} trar fnncmm and
p(x, ) lw vitrary
,l,r - ﬁ_f_f}_’\ J“(lop( wndent first integral curves of the
tqmllnn,,(\ v, u) O(x, y,u) &R\(;M\
|J)‘“)'
. he gcncml integral
B Find ( of
(3.\11‘-1],'7 "(-"23’2)?=2(x~y2)l the quasi-linear partial  differential eq;la:ﬂn
(7+7)
) 2 ; )
L [(eyet2 dx+(z" 4 2y
2. asabve 70 el Ty (2 ay 47 =0

for integrability of z I
lﬁ]TCSl-_ ( )dx+2(2+xz)dy—xy(x+y)dz=o and find its
primitive. N

orthogonal trajectories . sl
3. a) Find the £ol Onthe eone 2 4 7 = 2% tan’ & of the curves in which it is
cut by the system oI D anesz=c,

f
b) Obtain the partial differential equatioy by eliminating the arbitrary function f from the
cquallonu—-(x Y)f(x +y )

¢) Find the complete integral of the partia] differential equation p? y(] 5 x’) =g,

(7+3+4)
4. 2) When are two first order partial differential equations (¥, 7,4, p,q)=0and
g(xpu,pq )= 0 said to be compatible. Derive a necessary condition for their
compatibility.
b) Find the characteristics of the equation 2pg —u = 0 and find the integral surface satisfying
2
u(0, y) = (7+7)

5. a) Find the complete integral of the partial differential equation( p* +¢’ )x = pz and deduce

the solution which passes through the curves x = Oand 22 =4y.

b) Find the surface which intersects surfaces of the system z(x+y)=c(3z+ 1) orthogonally
and which passes through the circle yi=lz=l (7+7)

6. 4)Solve the equation (D?+2DD'+ D" ~2D-2D'Ju=sin(x+2y)
u=x+y (7+7)

b) Solve the equation (Dz +3DD'+ 20'2)

#) Clasify and reduce the equation s +x'u,, =010 a canonical form and solve it.

b) Find the characteristic curves Of the parlial differential equation 3u, +10u,, +3u,, = 0
(8+6)

Contd...2
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Sin
7 0<x<l and
e [«

u(0.)=0 u(l1)=

+ solution of the one dlmcnﬂﬂnald

b) Obtain th
Usig
"N equat;
fdtian
tion in the region0 € x < 7. 1 2 0

subject 10

i 7 remains finitcas 1~

(i) T=0if x=0 and xfﬂ- W ang

X 0¢x%%

(iii) At 1 =0 T= :
T-X %éx.éfr
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LI
(7+7)
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Note: Answer any FIVE full questions.

4 i is divisible by 9 j o
(a) Show that an integer 1 15 ¢ y 9if and oply if sum of its digits in its decimal expansion

1
is divisible by 9-
(b) Solve the congruence 6 = 12 (mod 9).
(c) Define Euler e e go(n?, Let a,m, n, are positive integers with (a,m) = 1. Prove
that a#™ = 1 (mod m). Further if p is pyjp, o number, then prove that 17427 +.4+(p—1)? =0
(mod p)-
(3+4+T)
2. (a) Lot pbean odd prime A 5 RO gy intoger’ show that (-(i) =oF (mod p).
: P
' 2
(b) For an odd prime p show that (5) - (—l)aza;l,
(c) State and prove Wilson’s Theorem. (6:+4+4)
3. (a) State and prove Gauss lemma.
(b) Find all prime p such that 2% = 13 (mod p) has a solution. (10+4)

(a) f @ € R is an algebraic number of degree n > 1, then prove that there exists a constant

¢(a) > 0, such that for any rational number g with ged(p,q) = 1, ¢ > 0, thte following

inequality holds.

()

a—-—-|2 —.
q

-

L=l

(b) If & € C and there is a finitely generated non-zero Z-submodule M of C such that aM € M,

~ then prove that a is an algebraic integer

(c) If K is an algebraic number feld of degree ™, then prove that there exists exactly n distinct
(5+4+5)

Q-embeddings of K into C.
contd...
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(a) Let X be an algelbyaic munber field 1o € K is an algebraic integer, then prot

and Nry Qla) are mtegers

n ; < 43 a B o Wwove th af
Hﬂ Let K be aAn ngphrm{-. number field and C)h be the ring of integers of K [hen pros L

1) Nry Qlar) = 41 if and only if @ 1S & unit i, O,

i) W a, 3 € Ok are associates, then A Tko(a) = £Nrg(8)
{c) Prove that every algebraic number field has an integral basis (3-+447)

(a) 1f d is a square free integer, then find an integral basis and discriminant of K = Qv
(b) ¢ =e% and K = Q(¢), then find T7r (¢ ¢+ ¢% (1143}
(a) Let d be square free integer less than =11 ang 4 = | (mod 4). Then prove that, the ring of
integers Ok of K = Q(\/r?) is not a Buclidean qomain.
(b) Prove or disprove the following:
i) Every Unique factorization domain is integrally closed.
ii) Every principal ideal domain is & Dedeking domain.
iii) Every Dedekind domain is & principal ideal domain.

(4+10)

8. Let Ok be ring of integers of an algebraic number field (. Prove that every non-zero proper idleal

of Ok can be uniquely written as product of ﬁnitely many non-zero prime ideals of O (14)
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