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any FIVE FULL questions from the following: (14x5=70)
Defin i
e Lebesgue outer measure. Prove that Lebesgue OUter measure is
translation invariant,

Prove
that outer measure of an interval equals its length.
(4+10)

Show that if F is Lebesgue measurable and m'(FAG) =0 then G is Lebesgue

measurable.

1 .
Let {E, be a sequence of measurable sets. Prove the following:

i)ifE, €E, S...,thenm (limE;) = limm (E;)
) =limm (El)

ii)if E; 2E,2..,and m(E;) < o, Vi, then m (lim E;
(4+10)

Let ¢ be any real number and let f and g bereal valued measurable functions

defined on the same measurable set E.Provethat ¢f, f+ & fe are

measureable.

Define a Lebesgue measurable function.

If {7,} is a sequence of Lebesgue measurable functions defined on the same

measurable set, then show that inf f;, is Lebesgue measurable.

(9+5)

gue integral of a non-negative measurable function.

Define the Lebes
finite interval [a,4] then prove

If fis Riemann integrable and bounded over the

that f is integrable and Rf:f dx = f;fdx.
(2+12)

State Fatou’s lemma. State and prove the Lebesgue monotone convergence

theorem.
If f and g are non-neg

real number, then show that f:(cf +g)dx=c f:fdx + j: gdx

ative measurable functions and if ¢ is a non-negative

(5+9)
Contd...2
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¢
numbers for 1 € p < oo, tor SPace Over the |
: ea
b) Define a convex function on an Interval (a,b) Proy
e
(a, b) is continuous. that d vex funct
on on
7.a) State and prove Holder's inequality, (5+9)
b) Letf and g be non-negative measurab|e fUnCtions
in the Holder's inequality if and only if sfp tga ‘[; OW that €quality oceyrs
and t, not both zero. “kifoy Some Constants s
(7+7)
8.

State and prove Hahn's lemma and Hahn deco '
Mposition theor
em,

HOK K KKK Kok g (14)
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Answer any FIVE FuLL questions from the following: (14x5=70)

1. a) Define a simply connected region, Give two examples.

b) Prove that a region Q1 is simply connected if and only if n(y,a) = 0 for all cycles

Y in £ and all points 'a’ which do not belong to £.
(2+412)

z%44
22422242z

2. a)

Evaluate |, dz by using residue theorem where ¢: |z — 1] = 5.

b) State and prove the Rouche’s theorem.

sinx
x2+4x+5

¢) Evaluate [

4
d) Evaluate fc :—n,wherecis the circle |z|=1.

(5+5+2+2)
3.a) State and prove residue theorem.
0 xsinx
b) EVB[UBtEfO Tital dx, a€R, a#0.
c) Define the residue of f(z) at an isolated singularity ‘a’.
(7+5+2)

4.a) State and prove the mean-value property for harmonic functions.

b) If u, and u, are harmonicin a region , then prove that

f}, u, * du, — U, * duy = 0 for every cycle Y which is homologous to zero in (1.

(7+7)

5.a) Prove that a non-constant harmonic function defined in a region . has neither

a maximum nor a minimum in ). g ®

b) If f(z) is analyticin |z] < 1and satisfies [f] =1 on |z| = 1, then show that >
f(2) is rational.

c) State Poisson’s formula.
(7+5+2)

Contd...2
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6.a) If f(z)is analyticinan annulus Ry < |z — al < R, then show that £(z) can b
loped in a general power series of the form f(z) = yo e
develop Femo An (2 = )"
where
1 (D dr
Aﬂ = '2'1__1_: Ji‘l’-—a|=r (r_.a)n+1 .
b) State and prove Hurwitz theorem.
(747)
7.a) Suppose that fn(z) is analytic in a region (2, and that the sequence
{f.(2)} converges to a limit function f(z) in a region 2 uniformly on every
compact subset of Q, then prove that f(z) is analyticin Q.
b) If f(z) is analytic in a region containing ‘@’ then show that the representation
(n)
@) =f@+f@E—a) +=+i=@E=ay+- s valid in the
largest open disc centered at ‘@’ and contained in (1.
(7+7)
8.a) Prove that a necessary and sufficient condition for the absolute convergence of

b)

c)

the product []n=,(1 + a,) is the convergence of the series Ym=q |y

n? - 1
Show that —— = ) ———
Sin‘mz "7 (z _n)

Evaluate I’ G)
(7+45+2)

sokokok ook ok ok Rk k

Ear —

o



W B R

I

A prd ‘
< i i B R

PS 564.4 St Aloysius College (Autonomous)
Mangaluru
Semester 1V - P.G;, Examination =M.Sc. Mathematics

August / September 2021
FUNCTIONAL ANALYSIS

Max. Marks 70

Time : 3 hours

Answer any FIVE FULL questions from the following :

1. a) State and prove the Cantor’s intersection theorem.

b) Prove that every complete metric space is of second category. (7+7)

Let M be a closed lincar subspace of a normed linear space N. Prove that V / yy forms
a normed linear space with respect to the norm given by [lx + M | = inf{llx+mll:mE€
M}, forevery x + M € N /- Show that if N is a Banach space then s0 is i M

r2

(14)

a) Let N and N’ be normed linear spaces. Prove that the following are equivalent for a

linear transformation T: N = N !
i) T is continuous

i) T is continuous at the origin
iii)  There exists areal number k = 0, such that TGNl < kllxll, for allx €N.

iv) Ifs={xenN:|x|l < 1) then T(s) is bounded setin N .

w2

b) Let N be a finite dimensional normed linear space with dimension n >0 and let

{e,,€3,...,n} be a basis of N. Show that the map T:N - 1, given by T(x) =

(1, X2, - » Xn), Whenever x = x1€; + X383+t Xnn uniquely, is continuous.
(7+7)

4. a) Let N be a nonzero normed linear space. Prove that N is a Banach space if and only if
{x € N:|Ix]l = 1} is complete as a subspace of N.

N* of a normed linear space N. Prove that there is an

b) Define the conjugate space
(7+7)

isometric isomorphism of N into N*™.

5. a) Let B be a Banach space and N be a normed linear space. Let {T;}ie; be a nonempty set
of continuous linear transformation of B in to N such that {T;(x)} is a bounded subset of N,
for each x € B. Then prove that {T;};e; is a bounded subset of B(B,N).

e Banach spaces and if T is a continuous linear transformation of B into

b) If Band B' ar
(8+6)

B', then show that the graph of T is closed in BxB'.

6. a) Define a Hilbert space. Give an example.

b) Prove that a closed convex set in a Hilbert space contains a unique vector of smallest

norm.

ear subspace of a Hilbert space H, then prove that there

¢) If M is a proper closed lin
(2+6+6)

exists a nonzero vector Zo in A such that zo L M.
Contd...2
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7. a) Foran orthonormal St {er €2 e} in a Hilbert space f anq X € H show that

i J TL )e')lz S "x 5 .
;i)) Efl}li(ffl(;c, eei L€ foreachj,1<j<n
=

8] Lelf baibiost lox Banach space in which the parallelogram law holds. Then Prove
that H is a Hilbert space- o

8. o) Let A be a Hilbert sp af' e, Pl;ove that the adjoint operator T — T* on B(H)
satisfies: ) (Ty +T2) =Ty + T;
i Il =17l

b) Define a Unitary operator on a Hilbert space H. Show that a unitary operator T is
an isometric isomorphism of H into itself. Is the converse true? Justify.

¢) Prove that an operator Ton a Hilbert space is self adjoint if and only if (Tx, x) is
real for all x € H. (d+6+4)
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Answer any EIVE FULL questions from the following: (14x5=70)
Show that the general solution of Lagrange’s equation
P(x,y,u)ue + Q(x, y, W, = R(x,y,u) Is F(@(x,y,u),¥(xy,u)) = 0, where F is an
arbitrary function and ¢(x,y,u) = C; and Y(x,y,u) = C, are integral curves of

dx _  dy _ du
Plxyu)  Qeyu)  Rxyu)
Find the orthogonal trajectories on the conicold (x +y)z =1 of the conics in

which it is cut by the planes x —y + z = k, where kis a parameter.

(7+7)
Prove necessary and sufficient condition that there exists between two
functions u(x,y) and v(x,y) a relation F(u,v) = 0, not involving x or y explicitly
s () _
IS 3y = O
Test for integrability of 2xz(y — z)dx — z(x? + 2z)dy + y(x? +2y)dz = 0 and find
its primitive. (7+47)
Obtain the partial differential equation by eliminating the arbitrary function f

xy x-=)y

from f(T'T)‘
Find the integral surface of the partial differential equation
2y (u—3u, + 2x —w) uy = y(2x - 3) which passes through the circle u =0,
x? +y%=2x
Find the complete integral of pqu = p*(xp + p?) + 2 (yp + ¢*).

(4+7+3)
Find the characteristic of the equation 2pg —u = 0 and determine the integral
2
surface satisfying u(0,y) =%-
Derive a necessary and sufficient condition for the compatibility of

f(x,y,u,p.q) = 0and gxy.wpq) =0
(8+6)

Find a complete integral of the partial differential equation (p? + ¢%)x = pz and
deduce the solution which passes through the curve x =0 and z* = 4y.
Find the surface which intersects the system of surfaces z(x +y) =c(3z+1)

orthogonally and which passes through x?+y?=1landz=1
(7+7)

Contd...2
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x-y,
6.3) Solve (D3 + Du =sin(2x +7)¢ )
i +2
b) Solve (D2 +4DD' + 2p") = sin(x+ & ok 3
uation (D - 3p’
c) Find the particular integral of teQ8 0-30"~2)u = e tan (3x + y),
i 268 (5+5+4)
7.a) Classify the equation ytxx 4 (x + Y)uxy yy =0 and redyce it to canonical
form. .
b) Find the characteristic curves of the partial differentia| equation
3y, + 10Uy + 3ttyy = 0 and reduce it to canonical form. (8+6)
8.a) Obtain the solution of the wave equation uy = C%u,, under the following
conditions
i) u(0,t) =u(2,t)=0
i) u(x,0) =sin® (3)
i) u(x0)=0
b) A uniform rod of length L whose surface is thermally insulated initially at

temperature 6 = 6, at time ¢ = 0, one end is suddenly pulled to 8 = 0 and
subsequently maintained at this temperature, the other end remains
thermally insulated. Find the temperature distribution 8(x, t).

(6+8)

K 3 3k ok ok ok ok ok ok ok
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Answer any FIVE FULL questions: (14 x 5=170)
1. (a) If n is a positive integer > 1 with (n — 1)! = =1 (mod n), then show that n is a prime.

(b) Define a reduced residue system modulo m. Prove the Euler-Fermat theorem.

(¢) Let p be a prime and let f(z) =cotaz+ - +cal” be a polynomial with integer coefficients,

where ¢, # 0 (mod p). Prove that f(z) =0 (mod p) has at most n incongruent solutions

mod p. (3+5+6)
2. (a) If a is an integer and p is an odd prime, then prove that (E) = o (mod p).
p
. 2 -1
(b) For any odd prime p, evaluate (5) and (—5—) (7+7)
3. (a) State and prove the Gauss’ lemma.
(b) Determine all odd primes p such that 13 is a quadratic residue mod p. (8+6)

4. (a) Define an algebraic number. Show that the a rational number is an algebraic integer if and

only if it is an integer.

(b) Define the notions of trace and norm of an element in algebraic number field K. If K is an

algebraic number field of degree n over Q, then show that for any o € K,
Tri(e) = o (@) + o2(@) +--- + oa(c), and Ng(a) = oy(@)oa(a) - - an(),

where ,,02, ...,0n are the n distinct Q-isomorphisms of K into C.

(c) Determine the trace and norm of % in Q(%). (4+7+3)

5. (a) Prove that every algebraic number field has an integral basis.
e that any two integral bases of an algebraic number field have the same discriminant.
(T+4+3)

(b) Prow

(¢) Find the discriminant of 1+ in Q(2).
6. (a) Let K = Q(V/d), where d is a square-free integer. Show that the ring of algebraic integrs Ox

15

Z + Z+/d, if d=2o0r3 (mod 4):
Z+Z('—+2——‘/R). if d=1 (mod 4).

1 GOnJ.’d“..gL
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= o of K = Q(Vd), where @15 & square-free ineger (10+4)
Determine the discrimin : ohn
iy 1o . prove that the ring of algebraic ntegers Oy of ay algebraic
o ind domain.
7. (a) Define a Dedekin AP
) s i< o Dedikind dor
number field A 1s & . algebraic number field K. Let P be 5 non-zero prime
i in
(b) Let O be the ring ©

«
o el G | e E i) Shoe LRy
ideal of Ok an

(7+7)
O G P
) obraic number field K.

is a fractional ideal of Oy,

8. Let Ok be the ring of integers of an alg

per ideal of Oy contains a product of finitely many prime ideals
at every non-zero proper ide
(a) Prove that every

Of OK. . ' .
) are distinct prime ideals of Ok, a; € Ok, I, € N, 1 < < r, then show that
(b) If A, Py, I are & h that & = a, (mod P;") for each 1, 1 <1 <. (8:+9)
1 = U
there exists an z € Ok suc
T T T



