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MEASURE THEORY AND INTEGRATION
3ioure Max. Marks: 70
Answer any EIVE FULL Questions from the following: (5;14:70)

[ime

1.) pefine the Lebesgue outer measuyre of a subset of R. Prove that Lebesgué
puter measure is countably subaddjtiye

p) Show that, forany set A and any ¢ 5 g, there is an open set 0 containing 4
such that m*(0) < m*(A) +e.

¢ Definea Lebesgue measurable set. Show that if m*(E) = 0, then every subset
of E Is Lebesgue measurable. Further, if F is Lebesgue measurable and

m*(FAG) = 0, then show that G s Lebesgue measuggble} 0YSIUS COLLEEEHS)

PG Library
| MANGAL@RE-575 903
5.3) Show that every interval is Lebesgue measurable and hence prove that every

gorel set is measurable,

p) For k>0and ACRlet kA = (kx|x € A). Show that m*(kd) = km(4). (11+3)

5a) Prove that the following statements regarding the set £ < R are equivalent:
i) E is Lebesgue measurable,
ii) For all € > 0, there exists 0, an open set, 0 2 E such that
m(0-E)<e
i)  There exists G, a Gs —set, G 2 E such that m*(G —E) = 0.
b) Define a Lebesgue measurable function. If {f,} is a sequence of Lebesgue
measurable functions defined on the same measurable set, then show that

'inff, ' is Lebesgue measurable. (10+4)

4.3) Define a simple function, and the Lebesgue integral of a simple function.
If a3, az, ...a, are the distinct values taken by a measurable simple function ¢
andif 4, ={x/¢p(x)=a}plsisn then prove that
i) Jp ¢pdx= Y, a4, nE) for any measurable set E.
i) fagdx=af¢dxforala>0.
b) Define the Lebesgue integral of non-negative measurable function. Show

that if f is a non-negative measurable function, then f =0 a.e.if and only If,

Contd...2
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5.a) State Fatou's lemma. Let (f,,n=1,23,..} be a sequence of non-negatiy,
measurable functions such that (f,(x)} Is monotone increasing for each x g
f = limf,, then prove that [ fdx = limy.q [ fodx.
b) Let f be a non-negative measurable function. Then prove that there EXists
sequence (¢,) of measurable simple functions such that [ fdx = lim,__ [ bty
c) If f and g are non-negative measurable fuqctinns, prove that [(f + g)dy -

[fdx+[gdx. (3+s+5)

6.a) Define a measure space [| X, 5,4 [] and LA X, ).
Show that L™(X, u) is a vector space over the real numbers,

b) Define a convex function W on an interval (a,b). Prove that a convex function
0n (a,b) is continuous, (5+9)

7.a) State and derive Holder’s inequality.

b) Let fand @ be non-negative measurable functions. Show that equality

f_wcum‘lfﬁlapldér's inequality if, and only if, sfP +tg% =0 a.e. for some
constants s and ¢ not both zero,

1'S'Im UM OO LEGE  (747)

| (
MAMNG.. Liric =N ]
t” 8.a) Define a signed measure on a Mmeasure space [| X,S |). > 003

When do“you say thataset Ac x is 3 Positive set with Fespect to a signed
Measure y on [| X,5|]. Prove that a countable union of positive sets with
respect to a signed measure y is a positive set,

b) show that if ¢(E) = Jz fdu, where [ £y is defined, then ¢ is a signed

(9+5)
_ . LR S L E
- “_
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ran VEF
answer any EIVE FULL questions from the following: (24x5n70)

1. a) Defineasimply connecteg Fégion. Give two examples

b) Prove that a region () g simply connected

i = r all cycles
y in {1 and all points 'q" which do not belo tantlonlyitnG) Ol !

"gtafoysius COLLEGE

P(s Library (2+12)

2. 2) State and prove the residue theorem MANGALORE-575 963

b) Find a homology basis for the annulus defined by r; < |z| < 13.

p22
A== i
¢) Evaluate [ 117+ 42 Where C s the circle |z| = 2.

(8+4+2)
3.2) Findthevalueof [ cotz dz.
b) State and prove the argument principle.

) How many roots of the equation z*+ — 6z + 3 = 0 have their modulus between 1
and 2 ?
¥

d) Evaluate [°———gx l

x(1+x%) "

(2+5+2+5)
4.a) If w; and wu, are harmonic in a region (1, then prove that
fr w ‘duy —u, ‘duy = 0 for every cycle y which is homologous to zero in 0.
b) State and prove the mean-value property for harmonic functions.

(7+7) :

5. @) Prove that a non-costant harmonic function defined in a regicn 1 has neither a
maximum nor a minimum in .

B) If f(2) is analyticin |z| < 1 and satisfies |f| = 1 on |z| = 1, then show that £ (2)
is rational.

) State Poisson's formula.

(7+5+2)
Contd...2 !
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and that the sequence U;.(z)}
niformly on every compg;

PH 562.4

nalytic in
e tion f(2) N2 region {1, U

hat f(Z) is analvﬂ

6. a) Suppose that fy
converges to a limit func

subset of (1, then prove t

t of the co
. mpact subse Mpley
- {1, 2) = ¢*uniformly oneveryco
[ + - =g uni
b) Show that ﬂl:( ”J

plane. (747)

7.3) Iff(2)is analytié in éi region containing 'a/, then show that the representation

HOES & L 4 L2@ (; — @)™+ is valid in the largest
open disc centered at ‘a’ and contained in £
b) Expand f@)= -—) in a Laurent’s series, valid for 1 < [z| < 2.
“r ALOYSIUS COLLEGE

i Library
MANGALORE-575 003

(10+4)

8.
a) Provethata necessary and sufficient condition for the absolute convergence of

the product H(l +a,) is the convergence of the serjes Z]a |
n=)

(7+5+2)

**#t*tt¢¢*¢**
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Semester IV - p g Mangalury
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F
LS s UNCTIONAL ANALYSIS
answer any FIVE FuL| Max. Marks: 70
Questions from the following (14x5=70)

|, a) State and prove
the Cantor's intersection theorem in metric spaces.

b) State and prove Baire’s Category theorem. il

a) Prove that the fi i :
ollowing are equivalent for a linear transformation T

from a i
normed linear space N into a normed linear space N'.

l} Tis lconlinuous ST.ALOYSIUS COLLEGE
1) T is continuous at the origin. MA \::.'IH:J? ;':;S 003

l”) Therc cxists areal number K >0 such that "T(x)ﬂsxﬁx" for every
xelN.
WIS ={xeN: | x| <1} then 7(s) is a bounded setin N'.
b) Prove that a nonzero normed linear space N is a Banach space if and

only if {xe N :|x|=1} is complete. (7%7)

a) Prove that the set of all bounded linear transformations of a normed linear

el

space into a Banach space is itself a Banach space.
b) LetB (N) denote the algebra of operators on a nnrmed imcar space N. if
T—>TandT-—rT in B (N), lhenshowthatTT >TT in B (N). |

¢) Let N and N' be normed linear spaces. Define an isometric isomorphism

of N into N .IfT:N->N is an
then show that 7-' - N'— Nis also an

isometric isomorphism of N onto N',
isometric isomorphism.
(10+2+2)

ate md- LPIOWB the open mappl.l'lg theorem. (14)

Banach space and M, N be closed linear subspaces of B such
on B such

4.

J . Then prove that there exists a projection P

null space of 7.

ge of P and N isthe
rmed linear space. If {7}, isa |

space and N beano
nuous linear transformations of B into N such that

&
thset of N for each x € B, then prove that ! |
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Mangaluru
*G. Examination - M.Sc. MATHEMATICS

p APRIL - 2019
ARTIAL DIFFERENTIAL EQUATIONS

rime: 3 Hours Max. Marks: 70
Answer any FIVE FULL questions from the following: (455=7C)

1.a) Prove that a necessary and sufficient condition for a differential equation
P(x.y,2) dx + Q(x,y,2) dy + R(x,y,z) dz = 0 to be integrable is that X.curlX =0.

b) Find the integral curves of the equations

dx dy ST.ALOYSIUS COLLEGE
dz PG Library

MANGALORE-575 903

semester IV - p

e Yecosx E eVsinx
c) Test for integrability of
(y +2)dx + (z + x)dy + (x + y)dz = 0 and find its primitive. (7+3+4)
2.a) Define orthogonal trajectories. Find the orthogonal trajectories on the cone
(x +y)z =1 of the conics in which it is cut by the system of planes
x—y+z =K, where K is a parameter.

i b) Solve (y* +yz)dx + (xz+2%)dy + (y? - xy)dz =0. (7+7)

3.a) Obtain the partial differential equation for the function
fx2+y?+2%,22 - 2xy) =0, where f is an arbitrary function.
b) Find the integral surface of the linear partial different‘ial e::!uation
x(y*+2)p —y(x?+2)q = (x* - y*)z containing the stranghtzlme x+y=0z=1
c) Find the complete integral of pqu = p*(xq +p*) +a*(p +4°) (4+7+3)

4,3) Find the characteristic of the equation pq = z and determine the integral

surface which passes through the straight line x =1,z =y.

=0 and

\ merive & necessary condition for the compatibility of fGxywp,q)

b) Derive a nﬁﬂﬂfw (8+6)
s IR a3y

hich is orthogonal to the one parameter family of system

ution of (2x —y)y* i +8x° (0 — 20wy = 2(4x* + y*) u and
of Cauchy problem u(x,0) = g on the portion of the J
(6+8)
1
|
Contd...2
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6.a)
b)

7.a)

b)

8.a)

b)

PS 565.4 Page No,,

Solve (D? + DD’ — 6D" Ju =y coSX.

Solve (D? — D')u = e***Y,

Solve (D? — DD' 4 D' — 1)u = cos(2x + y). (7-:-2.',5}
Give the classification of a second order semilinear partial differential
equation In two independent variables for a single unknown function u(x,y),
Give the canonical forms of the transformed equations. In the hyperbolic
case describe the method of reducing it to the canonical form.

Find the characteristics of the equation u,, + 2uy, + sin*x uy, +u,=0 when it |
of hyperbolic type, (1242)

TR I AL R
(5 |

Classify ;he»gaifo;iﬁg equation and reduce it to canonical form

Y thee = x%uyy = 0,

Solve the one-dimensional diffusion equation in the region 0<x <, t >0
Subject to the conditions -

i) T remains finite as ¢t — oo

ii)T=0ifx=0and x=r, v¢

i) Ate=o0,7= .
=X ssxsS=n (7+7)

ST.ALOYSIUS COLLEGE
. PG Libragy EEERERE KX
MANGALORE-57S 003
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St Aloysius College (Autonomous)
Mangaluru
semester IV = P.G. Examination - M. Sc. Mathematics
April - 2019
ALGEBRAIC NUMBER THEORY
.3 Hours Max. Marks: 70
Answer any FIVE FULL questions from the following (14%5=70)

| a) Prove that Euler’s phi-function ¢(n) is a multiplicative function.

b) Prove that a""=1 (mod m), if ged(a,m)=1.

¢) Solve the congruence 5x = 3(mod 24). (7+4+3)

5 a) State and prove Lagrange’s theorem. Use it to prove Wilson's theorem-

b) Findall primes p such that the Legendre symbol (-3lp)=1.  (10+4)

If p is an odd prime and »n £Z, show that the Legendre symbol

ST.ALUYSIUS COLLEGE

yi
. 5din); PG Library
(p)=n " (mod p) MANGALORE-575 003

3, a)

b) State and prove Gauss Lemma.
¢) State quadratic reciprocity law. Let
g=1(mod4) then g is quadratic residue mod p if and only if

p-r(madq) where r is quadratic residue modq.
an algebraic integer. Show that a

g be an odd prime. Prove that, if

(4+6+4)
4. a) Definean algebraic number and
rational number is an algebraic integer if and only if it is an integer.

an algebraic number fieldand [K:Q]=n.If a € K and

b) Let K be
..o are the distinct Q-isomorphisms from K into C, then prove
: a-;l_-'l"}_a:q',i'i‘-'!. .
- A (@)
az(a)....o'n(a)
race is additive function and Norm is multiplicative

(6+8)

field K , prove that the discriminant dy, is

fala d), where d is a square free integer.

(10+4)
Contd...2
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6. a)

i
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Page No., 3
Let X = Q(JE ], where d is a square-free integer. Show that
- 0.=[z+2(Ja),  if d=20r3(modd)

MANGALOKE-575 gg3 74 z(”f}, if d =1 (mod4)

b)

non-zero prime ideals of O, .

b)

Let K = Q(Vd), where d <0, square free integer and d =3(mod ).
Show that O, is UFD if and only if d =-1. (1044
Prove that every PID is a Dedekind domain. Is the converse true? Justify,
Show that every non-zero ideal of O, contains a product of finitely Many

. (7+7)
Define a fractional ideal of O, . Show that sum and product of two

fractional ideals are again fractional ideals.

Let o be a prime ideal of O and " = {ue K| apcO,}. Show that ¢

is a fractional ideal of Ocs O,Sp" and p p'=0 . (4+10)

"= e
SOUE TR R P SUIE B B T,

cywags b9

ERE 272 190 (4
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St Aloysius College (Autonomous)
Mangaluru
Semester IV - P.G. Examination - M. Sc. Mathematics
April - 2018
MEASURE THEORY AND INTEGRATION
Max. Marks: 70
Answer any FIVE FULL questions from the following (14x5=70)

fime: 3 Hours

1. a) Let E beaLebesgue measurable subset of R. Prove the following:
1) m*(E)=m*(E+y)
) E+y={x+y:xeF} is measurable.
b)  Show that the class of all Lebesgue measurable subsets of R is a
o - algebra. (5+9)
2. a) Givenasubset 4 of Rand &> 0, prove that
1) there exists an open set O such that Ac O and m*(0)<m*(4)+¢.
il) there exists a G, set G such that A< G and m*(4)=m*(G).
b) Show that every interval is measurable.
¢)  Show that [0, 1] is uncountable, ((3+3)+6+2)
3% Let f be a measurable function, prove the following:
1) If /=g ae., then g is measurable. S-I-“"LII).‘E?I'EE]E?‘LLEGE
OV = aip 702 MANGALORE-575 003
iii) If B is a borel set, then f~'(B) is a measurable set. (3:+5+6)

4, a) State and prove Lebesgue’s monotone convergence theorem.

b) If f and gare non-negative measurable functions and if ¢ is a non-
negative real number, then show that J(q" +g)dx = cf fgir-i-j gdx

(4+10)
5. a) If fis Riemann integrable and bounded over the finite interval [a,b] then
b

b
prove that / is integrable and RI fax = j fdx . 1s the converse holds?

Justify.
s |

b) Show that [%:w. (12+42) |

6. a) Prove that convex function defined on an open interval is continuous.

b) State and prove Holder’s inequality and discuss the case of equality.
: (6+8)

14
7. Show that 1" spaces (1< p <) are complete. (14)

t»a. ;ﬁa S.hﬂw that il ¢ (E)=1[ fdj-f where j f dp is defined, then ¢ 15 @ mgncd

measure.
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St Aloysius College (Autonomous)
Mangaluru
Semester IV - P.G. Examination - M.Sc. Mathematics

April - 2018
COMPLEX ANALYSIS I1

fime: 3 hrs. Max Marks: 70

answer any FIVE FULL questions from the following: (14x5=70)

1. @) Prove thata region Q) is simply connected if and only if n(y,a) = 0 for all cycles

y in L2 and all points ‘a’ which do not belong to (.

b) 152 =C - {a) simply connected? Justify your answer.
(12+2)
2. @) Define the residue of f(z) at an isolated singularity 'a’.
b) State and prove the Residue theorem.
c) State and prove the Argument principle, :
(2+7+5)
3.a) Evaluate fL_ ﬁj—:};—;—lﬁdz where Cis the circle |z] = 2.
b) Let(z) = EI_E%F ; Evaluategln—‘ I %dz, where C is the circle |z| = 4.
€) State and prove Rouche’s theorem.
d) Evaluate I—;Fil'::_fg dx.
(2+2+5+5)
4. @) State and prove the mean-value property for harmonic functions.
b) Let u be a bounded harmonic function in 0 < Iz| < p. Show that the origin is
a removable singularity in the sense that u can be extended to a harmonic
function in |z| < p when u(0) is properly defined,
(7+7)
3. @) Prove that a nonconstant harmonic function defined in a region {1 has neither a
maximum nor a minimum in .
b)

If Q% denotes the part of the upper-half plane of a symmetric region {, o is the
part of real-axis in (2 and v(z) is real and continuous in Q* U o, harmonic in O+
and zero on o, then show that v has a harmonic extension to 0 which satisfies
the symmetry relation v(z) = —v(z).

(7+7)
Contd...2

Scanned by CamScanner



PH 562.4 Page No, 5

6. a) Ifthe functions f,(2) are analytic and # 0 in a region (), and if f, (z) converges
to f(z) uniformly on every compact subset of £}, then prove that f(z) is ejthe,

identically zero or never equal to zero in £,

b) Show that Iim[l +i] = ¢ uniformly on every compact subset of the comp|ay
M=y n

plane.
(7+7)

7.@) If f(2) is analytic in a region containing 'a’, then show that the representation

f@=f(@)+f(@z—a)++ %(z —a)" + -+ is valid in the largest

open disc centered at ‘a’ and contained in ().

b) Find the Laurent series expansion of the function — valid in the annular

(z+2)(z+3)
region 2 < |z| < 3.

(10+4)

8.2) Prove that the infinite product H(l+a,,) with 1 + a,, # 0 converges
=l

simultaneously with the series ) 'log(1+a,) whose terms represent the values

=1
of the principal branch of logarithm. ST'ALEE’{?&SRLLEGE
e MANGALORE-575 03
 Evaluate I'| —
1 \ 2
(12+2)
ko R
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Examination - M, sc. Mathematics
April = 3518
FUNCTIONAL ANALYSIS - = 003
‘ Max, Marks: 70
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M

Semester IV - p g,

rime: 3 Hours

(14x5=70)
l. a) State and prove

b)  Define a nowhere dense setin a metric Space. Let H,,} be a sequence of
nowhere dense sets in a complete metric Space X . Prove that there exists
apoint in X which 1S not in any ofthe A, 's (7+7)

'1 e
2. ) Define a Banach Space. Let p be a real number such that 1< p <, Prove
that the linear space !, of all sequences x = (x,x,.....) of scalars such that
= P ) o P }'3
Z]x‘} <, With respect to the norm defined by i, =(ZM ] is
Banach space,
b)

Prove that a nonzero normed linear space N

is a Banach space if and
only if {xe N:||x|[=

l] is complete as a subspace of N . (7+7)
3. a) . Let N be a finite dimensional normed linear space with dimension n > 0
and let {e,e,.....e,} be a basis for A _ Letamap 7:N - " be defined by
T(x)=(x,x,,...x,) whenever x =X €+x; e +..+x e, . Then prove that
T' is continuous. Deduce that every linear transformation from ¥ into
any arbitrary normed linear space N' is continuous.

b) 1fLisa normed linear space with respect to two norms || and |.|, then
prove that these two norms are equivalent if and only if there exist two
x|,

forall xeL. (10+4)

positive real numbers K, and X, such that Klx|s]x| sk,

4. a) If N is anormed linear space, then prove that there is an isometric
isomorphism of N into N*.

b) . Let M be a closed linear subspace of a normed linear space N and let x,

be a vectornotin M . If 4 is the distance from x, to A, then show that

there exists a functional f; in N” such that £, (M)=0, f (x,)=1 and

ok (747)
M-";- |
S. a) Let B and B' be Banach spaces and 7 be a linear transformation of B
into B'. Prove that T is continuous if and only if its graph is closed.

Scanned by CamScanner
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b)

b)

c)

b)

Page No. 2

Let B be a Banach space and N be a normed linear space. If {7,} s,

nonempty set of continuous linear transformations of B into N such that

{7;(x)}_, is a bounded subset of N for each x & B, then prove that

{7}, is a bounded subset of B (B,N). (747)
If M is a proper closed linear subspace of a Hilbert space , then proye
that there exists a nonzero vector z, in H such that z, L M.

[f Af and N are closed linear subspaces of a Hilbert space H such that

M L N, then prove that M + N is also closed.

[f M is a closed linear subspace of a Hilbert space H , then prove that
H=M&M*. (5+5+4)
Let Hbe a Hilbert space and f be an arbitrary functional in #"* Then
prove that there exists a unique vector y in H such that f (x)=(x, y) for
every xe H.

Let A be a Hilbert space. Prove that the adjoint operation T — 7" on

B(H) satisfies: ST. ALO\SIUG COLLEGE
» Libragy
DG+L) =1 +1; i) (1) =1 7*, MANG M"f\t 575 003

If T'is an operator on a Hilbert space H such that (Tx, x) =0 for all

x€ H , then prove that 7= (8+2+4)

" Let {¢,e,,..e,} be a finite orthonormal set in a Hilbert space H. Then

fi
orany xe H, showthat.r—zl(x e)e, L e, for j=1,2,... n. Extend this

result
suitably to an arbitrary se {e}., of orthonormal vectorsin H.

(14)

A K ok
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St Aloysius College (Autonomous)
Mangaluru
semester IY - P.Gi Examination - M.Sc. MATHEMATICS
APRIL - 2018
PARTIAL DIFFERENTIAL EQUATIONS

me: 3 Hours Max. Marks: 70

Answer any EIVE FULL questions from the following: (14x5=70)

(a) Show that the general solution of Lagrange’s equation
P(x, Y Wy + Q(X, y,w) uy = R(x,y,u) Is F(¢(x,y,u),(x,y,u)) = 0, where F is
an arbltrarv function and ¢(x,y,u) = ¢, and y(x,y,1) = ¢, are integral

dy du
es of =
G P (" ) Qlxyu)  R(xyu)

b) Find the orthogonal trajectories on the cone yz + zx + xy = 0 of the
conics in which it is cut by the system of planes x —y = c where ¢ is a
parameter. (7+7)

2.3) Prove necessary and sufficient condition that there exists between two

functions u(x,y) and v(x,y) a relation F(u,v) = 0, not involving x or y
8{:.: v)
)

explicitly is that === =0.

b) Test for mtegrablllty of 2y(a-x)dx + (z—y* + (a — x)*) dy — y dz = 0 and
ST. ALO\'SIUS ULLECE

PG L ibragpy

MANGALORE-575 gm
3.a) Find the general integral of the equation (x — y)p + (y —x — z)¢ = z and

the particular solution through the circle z=1, x* +y*=1.
b) Find the equation of the system of surfaces which cut orthogonally the

find its primitive. (7+7)

cones of the system x? + y* + z* = cxy. (7+7)

4.3) Show that the equations xp — yg = x and x*p + q = xz are compatible
and find their solution.
b) Find the characteristics of the equation pq = z. Also determine the

integral surface which passes through the parabola x =0, y? =
(7+47)

5:2) Obtain the partial differential equation for the function z = f (%),

where f is an arbitrary function,
b) Find the complete Integral of p?z* +¢2 = 1.
€) Find the complete integral of (p? + q*)y = gz using Charpit's method.

(4+3+7)
C'Dntd..g !
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6.a) Solve (D +D")(D +2D")u = x + y.
D) Solve (D=D'=1)(D-D'-2)u=e*" +x.
C) Solve (D?+ pp' - 6D" Ju = ycosx. ST'M‘:}’?!HS_C.L[ EGE (3+447)
MANGA | C]R'f_rf'_j;;.j 00,
7.a) Classify the following equation and reduce it to canonical form
Upy + XUy, =0, x # 0,y # 0,

b

—

d? d
Construct adjoint operator L* for Lu = a(x)-&—x% +b(x) ﬁ + c(x)u where

a,b,c are functions of x. (10+4)
8.a) A uniform rod of length L whose surface is thermally insulated initially
at temperature 6 = 6, At time t =0, one end is suddenly cooled to
8 =0 and subsequently maintained at this temperature, the other eng
remains thermally insulated. Find the temperature distribution B(x, t).
D) A stretched string of finite length L is held fixed at its ends and is

subjected to an initial displacement u(x,0) = Ug sin ("—:‘-) The string is

released from this position with Zero initial velocity. Find the resultant
time dependent motion of the string.

oK ok ok oK ok ok ok

(7+7)
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Answer any FIVE FULL questions from the following (14x5=70)
1. a) Define Euler totient function ¢(n). Prove that, for positive integers

ST.M.?.\'SIUS COLLEGE

O Libragy -
MANGALORE-575 003
i) d(mn)=d(m) ¢(n}$f(%—} where d = ged(m,n).

b) Givenaprime p,let f(x)=c,+cx+..+cx" be a polynomial of degree

mon; i) ¢(n:l=n1r;l[l—%} and

n with integer coefficients such that ¢, = 0(mod p). Then prove that, the
polynomial congruence f(x)=0(mod p) has atmost n solutions.

¢) Forany a>n,show that n|§(a" -1). (8+4+2)

2
B

a) Let p bean odd prime number greater than 3. Show that the numerator

1Nl 1 e
of l+=4=—+%., . +— 2
i = is divisible by p*.

b) Define the Legendre symbol (1]p). For an odd prime p prove that

5
(2lp)=(-1)"
¢) Find all primes p such that x* =13(mod p) has a solution. (4+5+5)

3. a) State and prove Gauss Lemma.

b) State and prove quadratic reciprocity law. Hence determine the value of
Legendre symbol (219{333)* (7+7)

4. a) Prove that, the following statements are equivalent:
1) @ is an algebraic integer.
i) The minimal polynomial of & is monic and in Z[x].

iii) Z [a] is finitely generated Z - module.

iv) 3 a finitely generated Z - module M = {0} of C such that aM < M .

b) Prove that every algebraic number field has an integral basis. (6+8)
S Let O, be the ring of algebraic integers of an algebraic number field K .
Then prove that
i) If I is a non-zero ideal of O, , then I has an integral basis.
il If a < Oy then Norni() = [Norm, )

tin Oy, then Norm,, (a)=+1
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b)

b)

c)

a)

b)

Page No. 2
Find the units in the ring of integers of an imaginary quadratic number
field Q(Vd). |
Prove that the ring of integers of an imaginary quadratic number field
Q(JE) is norm-Euclidean if d =-1,-2,-3,-7 or—11. (6+8)

Define a Dedekind domain. Prove that O, is a Dedekind domain.

Show that every unique factorization domain is integrally closed.

“Show that Z [=5 ] is a Dedekind domain, but not a principal ideal

domain. (8+4+2)

Show that every non-zero ideal of O, contains a product of finitely many
non-zero prime ideals of O, .
Define a fractional ideal of O, . Show that any fractional ideal is finitely
generated as an O, - module.

Show that sum and product of two fractional ideals of O, are again

fractional ideals. C (6+4+4)
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