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1. (a) Tn the spherical representation of the oxtended complex planc, show that the circles and

straight lines in the extended complex plane correspond to the circles on the Riemann sphere.

(h) Find the distance hetween the stereographic projections of 1+1 \/§ and 1 —i/3.
(¢) Find the values of v/1+ 1. (94+3+2)
2. (a) Stale and prove a necessary and sufficient condition for a function f(z) = u(z) +iv(z) to be

analvtic in a region §2.

(b) State and prove the Lucas’s theorem. (9+45)

x

3. (a) Let Z £, be a series of complex-valued functions where each f, is defined on a subset E of C.

=1

X 00 20
It Z G is a convergent majorant of an on E, then show that E fn converges uniforiuly

ne=l n=1 a=]

on I7.

.9
(b) If Zﬁ"uzﬂ» a, € C is a power series, then show that there exists a real number R with

n=()
0 < I} < oo. called the radius of convergence, such that in 2] < R, the sum of the series is an

analytic fnetion, the devivative can be obtained by term-wise differentiation. and the derived

series has the same radius of convergence. (5+9)
L .

4] . ¥ (Y Gt . ‘e ‘ P =
A, (a) State and prove the Cauchy’s necessary and sufficient condition for uniform convergence of a
SCQUETICE,

N
s

o0
(b) Find the radins of convergence of Z =,
n!

n=0
v 2 ¢ ytE a8 aS stV .U [’ & . " "
(¢) Show that e** has the least positive period 27 and a]] other periods are integer multiplesof 27.

(5+2+7)

5. (a) Show that the cross ratio (21, 22, 2, 21) 18 real if ang only if the four points 2, 23, z3, 24 lic on

a ciele ov a straght e
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4o moints of the extended o X plane and T is a linear trans-
(b) If 2y, 29, 23, 24 are four distinct point T P
('I"C[»T-.'«‘.!‘Tz:h Z,|) o (':ls:').l:lhz’l)

formation, then show that

: ik i('llln'L,-&. i ; 4
(c) Show that any hnear transformation wh APS 2y, 2y, 24 to 1,0, 00, respectively. is unicque

(T+4+3)

(a) Let Q be a region and v be any piecewise differentiable arc in . Show that the integral fﬂ, Fdz,
with continuous f, depends only on the end points of 7 if and only if f is the derivative of an

: : : PN IR L
analytic function in Q. S COLL

ST ALOYSH

(1: ‘)G l;i“‘ I"H'“:' .
b) C te ‘ Ul (10+4)
(b) Compute /!;i=2 Zr1 MANGM‘OH’

(a) Let the function f(2) be analytic on a set R’ obtained from a rectangle R by omitting a finitc
number of interior points (;,(,, ..., If 211_1)1? (z=¢)f(2) =0, for each 4, 1 < i < n. then
show that [, . f(z)dz = 0.

(b) State and prove the Cauchy’s theorem for a disk. (549)
(2) Show that the zeros of an analytic function which does not vanish identically are isolated.
(b) State and prove the open mapping theorem.

(c) State the maximum principle for analytic functions. If f(z) is continuous on a closed sl

bounded set E and analytic on the interior of F, then show that the maximuwm of lf(2)] on
E is assumed on the boundary of E. (34+4+7)
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Note: Answer any five full questions. (14x5=70)

1. a)If g (). &, (1), & (t)seernes g, (1) are solutions of the equation
) +a )" ) + e +a,(H)x(t)=0, then prove that they are linearly

independent on / if and only if W (¢ (¢). ¢, ()it () )0 Viel

¢ n'"order linear homogeneous differential

b) State and prove Abel’s formula fo
(8+6)

equation.

2. a)Let @, #y. broeeeny DET linearly independent solutions of the equation,
L, (x)=x"()+b Ox" ™ (t) +oeerat b, (Dx(£) = 0 existing on I . Let the real or
defined and continuous on I . Further assume that

complex valued function & be
W, (t)denote W (¢) with k™ column replaced by

(1) = I (40,8, (0 8,(1)) and

...1. Then prove that a particular solution x ,(¢) of

: ‘W (s) h(s)
1, (x) = h(r)is given by %,(1) =;¢k([)_[,"WS; titgel.

)=x”—2tx’+2x.—.0_ (8+6)

nelements 0, 0, 0,

b) Find a general solution of L, (¥

3. a) Prove that the functions x* and x| are linearly independent on [~1,1] but they are
| 0,11.
linearly dependent o1 [«1,0} and[0,1]

2,2 J
b) Solve XY 4dx= 2sint+ 1+ +HAE - (6+8)
State and prove orthogonal pmpefty O.f HegeE pal{poigle.
b Bl s of the function f () =¢”. (8+6)
by Find the Legendre St
4 S ﬂrst klnd
) 10 .
2 ive Bessel’s functi! nctions show that:
> ;)) l\;/eirt;i usual notations for Bessel B hat:
t
) -‘i(tf'J,,(t))="'Jp-'()
dl (1) 9
-p . +5
ii) i(t"'-/p(f)):'{ T i
di

(ol | e



PH 562.3 Reg. No. | S
St Aloysius Colle;,e (Autonomous)

Mangaluru
Semester III - P.G. Examipation - M.Sc. Mathematics

NT, ALOYSIUS COLLEG
Februarv - 2022 P i

) MANGALOM): - &
TOPOLOGY

i
i 4

Time: 3 hrs, Max Marks: 70
Answer amy FIVE FULL questions frog the following: (14x5=70)
1 Detine a closed set in a topological space P'rove that the union of two closed sets s
) ¢ the topologies of B, R, and R, and compare them
Woasubspace of topological space X Prove that a set A is closed in Y if and
Y Y tor some closed setCmn X
(2+8+4)
2 L e atepological space and A € X, Define closure of A in X. Prove the following :
11t and only il every neighbourhood of x intersects A.
= AU A where A” denotes the set of all limit points of A.
<1 4is aclosed subset of X if and only if 4’ C A.
(2+5+4+3)
3. 2) 11 X is wpological space then prove that X is Ty if and only if every finite subset of X
| SO0

seline o Housdroft space. Prove that a topological space X is Housdorft if and only if
dagonal A= {(x,x) € X x X:x € X}isclosed in X x X,
< hat every metrie space is Housdorff,
(5+6+3)

1. @ Lat X and ¥ be topological spaces and f: X = ¥ be a map. Show that the following are
cyun aient
’ 1) [ is continuous
11) Forevery subset A of X, f(A) © m
ii) For every closed subset B of Y the set f~1(B) is closed in X.
iv) For cach x in X and each neighbourhood v of f(x), there is a neighbourhood
U of x, such that f(U) € V.
b) State and prove sequence lemma. (9+5)

3. ) Define a connected space. Prove that the union of collection of connected subspaces of X
that have a point in common 1s connected.

b Prove that the product of two path connecte spaces is path connected.

1 Show that a path connected space is always connected.

(6+6+2)

6. If f:X =¥ isa continuous bijective map from a compact space X into a Housdroff space
Y then prove that / is a homeomorphism.

(14)

7. a) Define a second countable space. Prove that a metric space (X, d) is separable if and
only if it is second countable, ,
b) Prove that every compact Housdrofl space 1s regular.

(8+6)

State and Prove Urysohn's lemma (14)
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. a) Let A(¢)be an nxncontinuous matrix valued function on / | Let (1) bea

fundamental matnix of the systemx = :4(’ )X, el Then show

thatdet (@ (1)) = o (A(D))det((1)), 1€

-1 2 3
b) Find the fundamental matrix for x'=Ax where 4=/ 0 -2 1 (7+7)
0 3 0

. a) Let A(r)be an nxncontinuous matrix on / and be periodic with period . If ®(1) is
a fundamental matrix for the system, X' = A(r) X, then show that®(r + @) is also a
fundamental matrix. Show that any fundamental matrix ®(r) can be written as

®(r)=P(r)e'", where P (t)is a non-singular matrix of period @ and R is a constant

matrix.

b) Show that the set of all solutions of the system X'() = A(1) X (t), teIformsan n-

dimensional vector space over the field of complex numbers. (7+7)

8. State and prove Picard’s theorem. (14)



PS 564. K| Rl![{. NU. 7}' i i —

s'.-'.)

ST, ALOYSIUS COTLEG
G Lt
MANGALORE <375 004

St. Aloysius College (A ytonomous), Mangaluru
Semester 111 P. G, Examination - M. Sc. Mathematics
F(_‘l)rl_lary 2022
Commutative Algebra

3 Hours Max. Marks : 70
Answer any FIVE full questions.

a)
1\(1,

(b)

(a)

(b)

(c)

{H,’

(h)

Define the nilradical of a ring. Prove that the nilradical of A is the intersection of all prime
ideals of A.

When do you say that two ideal I and J in a ring are coprime? Show that two ideals in A

are coprime if and only if their radicals are coprime in A. (8+6)

a) For auv prime ideal P in a ring A, and n € N, show that the radical of P" is P.

' If 17 denotes the class of all units in A, then show that the Jacobson radical

JA) ={zxecA:1-zyel VycA}

(¢) If I and J are coprime ideals in a ring 4, show that A/IJ = A/I x A/J. (4+4+6)

Prove or disprove: Exension of a prime ideal is a prime ideal.

Let /,. I, ..., I, beideals in a ring A. If M I is a prime ideal P in A, then show that P = /,
i=1

for some j.

Define the prime spectrum Spec(A) of aring A. Prove that Spec(A) is a compact topological

space. (2+6+6)

Prove that a nonzero A-module M 18 isomorphic to a quotient of A" for some n € N if and

only if M is @ finitely generated A-module.

State and prove the Nakayama's lemma-

If0 — M — M — M" — 0 is an exact sequence of 4 modules such that M’ and M” are
finitely generated. then show that M 18 2lso 2 finitely generated A-module. (5+5+4)

contd...z
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5. (a) Show that the opel ation 8- is exac L.

(b) Let M be an A-module. Prove that the following statements are equivalent:
() M =0,
(i) Mp =0 for all prime ideals P of A,

(i) M =0 for all maximal ideals M of A.

(c) Show that the operation §-1 commutes with formation of finite sums, intersections anl

radicals. (4+4+6)

6. (a) Let f:A— B be a ring homomorphism and let P be a prime ideal of A. Prove that P is 2
contraction of a prime ideal of B if P« = P.

(b) Let S be a multiplicatively closed subset of a ring A, and let M be a finitely generatd
A-module. Prove that S-1M = 0 if and only if there exists s € S such that sM = 0.

(c) If I isan ideal of a ring A, then show that S=1+/1s2 multiplicatively cosed subset of !
Further deduce that S-17 is contained in the Jacobson radical of STTA. (6+4+1)

7. (a) Definea primary ideal of a ring A. Is every primary ideal prime? Justify your answet.

(b) Let Sbea multiplicatively closed subset of a ring A, and let Q be a P-primary ideal. Prove
the following:

(i) {SNP# @, then S7!1Q = S7'A.
(i) SN P =0, then S7'Q is S~! P-primary-
(c) State and prove the second uniqueness theorem for primary decomposition. (2+4+8)

8. (a) Give an example for an A-module which satisfies d.c.c. but not a.c.¢.

(b) Prove that a ring A is Noetherian if and only if the 1’013'1101“1‘11 ring Afz] is Noetherian

(2+12)
xxx w2 ¥



