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In the spherical representation of the extended complex plane, show that
circles and straight lines in the oytended complex plane correspond to
circles in the Riemann sphere,
b) Find the distance between the stereggraphic images of 2+ and 1. (9+5)
2.a) State and prove Cauchy’s inequality,

1, a)

23- 22
1-Z; z;

b) Show that| <1if|z|<1and |zl <1

) Find the values of V=T. (7+4+3)

3,a) Prove that the function u + iv determined by @ pair of conjugate harmonic
functions is always analytic.
b) Prove that if all the zeros of a polynomial P(z) lie in a half-plane, then all the
zeros of the derivative P'(z) also lie in the same half-plane. (7+7)
4.a) Define the exponential function e and show that e has a least positive

period 2r and all other periods are integer multiples of 2m.
b) Show that e®*? = e%.e? va,beC (10+4)
5.a) If $,a,z" a, € Cis a power series, then show that there exists R with
0 < R < w such that the series converges absolutely for every z with [z] <R,

the sum of the series is an analytic function in |z| < R, and the sum diverges

for |z| > R.
b) Show that if f(z) = u(z) + iv(z) is an analytic function in a region Q and [f(z)]
is constant in ©, then f(z) must be a constant function. (10+4)

6.a) Ifp(x,y) and q(x,y) are real or complex valued continuous functions defined
in a region Q and if y is any curve in Q, then show that Ir pdx + qdy depends
only on the end points of y if and only if there exists a function u(x,y) in Q
with 2% =p and 3= = q.
b) Show that linear transformation carries circles into circles. (10+4)
7.a) State and prove Cauchy’s theorem for a rectangle.

b) uUse Cauchy’s integral formula to evaluate | ?:“-ﬁ dz where Cis the circle

2| = 3. (9+5)

8.3) If g(f) is continuous on an arc y, show that F,(z) = I, (:fgn

each of the regions determined by y and its derivative is £;(z) = nF,,, (2).

d¢ is analytic in

b) Find a necessary and sufficient condition for an isolated singularity of f(z) to

be a removable singularity. (10+4)
KRk EEER KK
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pefine pasis for a topology on a Nonempty set X. Show that the collection of

.a
1.3) all open intervals in Ris a basis for 5 topology O" R.

b) If B and B’ are bases for the topgjggies 7 and ©’ respectively on a set X,
then show that t’ is finer than 1 i and only if for each x € X and each basis
clement B €B containing x, there |s a basis element B'eB such that
xeB SB.

c) Define the topologies of R, R and g, and compare them. (3+5+6)

2.a) Define subspace topology. Prove that if ¥ is @ Subspace of X, then ASY is
closed inY ifand only if A=CnY where C closed in X.
b) Define the closure A of a subset 4 of a topological space X. Prove that x€A
if and only if every neighbourhood of x intersects A.

c) IfAisa subset of a topological space x then prove that A=AuUA where A"is
the set of all limit points of A. (4+6+4)
3,a) Definea Hausdorff space. Prove that a topological space X is Hausdorff if

and only if the diagonal a={(x,x) e X x X/x € X} is closed in X x X.
b) Prove that a subspace of a Hausdorff space is Hausdorff.
c) Ifxisa topological space, then prove that X is T, if and only if every finite
set in X is closed. (6+2+6)
4, a) State and prove Pasting Lemma. Show thatif f,g:R— Rare continuous,
then the map :R— R defined by h(x) = min {f(x),g(x)} is continuous.

b) Define open maps and closed maps. Show that a continuous open map

need not be closed. (6+8)
5.a) Prove that the union of a collection of connected subspaces of X that have a

point in common is connected.
b) If A is a connected subspace of X, then prove that 4 is connected.

c) Prove that the product of two connected spaces is connected.
d) If f:(0,1) » [0,1] is a continuous Map then show that there exists a point

x € [0,1) such that f(x) =x. (4+4+4+2)
6. Iff:X-Yis a bijective continuous map where X is compact and Y Is
Hausdorff, then prove that f i5 @ homeomorphism. (14)

7.a) Define a second countable space: If X is second countable show that every
open cover of X contains a countable subcollection covering X.
b) Define a regular space. Prove that every compact Hausdorff space is
reqular,
c) Prove that a closed subspace of a normal space is normal. (4+7+3)

8. State and prove Uwsohn's Lemma' (14}
S REEEERERK
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1 a) Ifgy is a solution of “'"*al{")""'”?;(!)x:ﬂ onaninterval J and ifgi(t) #0, YLEL

! s

Then show that @, (1)= ¢, (1) I"‘}L—CNP I— al(‘f)dg]ds is another solution.
0¥ (5)

Further show that these solutions gy | »arly independent on /.

]

b) Usingthe method of undetermineg coefficients. solve the differential equation

. ] — il
-2x'+x=tl+e. (8+6)

2 a] lftP:(f)r(bz(t) ""‘pn(t} are Soiutiuns nrequatign
(n-1)
() + ay (O)x™V(t) + .. 4 @y (t) x(¢) = 0, then prove that they are linearly
independent on / if and only of
W(g:(0): $2(), - dn(D)) 20 veg,

b] Solve the IVP: I.—3x'+2.t=0‘ x{{])'-'-‘—] IJ{C'):O-

¢) Find a particular solution of x* +x'=gj, 3;.
(8+4+2)

3. a) Find two linearly independent solutions of x"+2x'+ x=0.
b) State and prove Abel’s formula for nth order linear homogeneous differential equation.
¢) Compute the Wronskian of t* and ¢|t| on R and show that they are linearly

independent on R.

(2+8+4)
4. a) Find the Legendre series of the function f(x) =e*.
. n
b) Show that the Legendre polynomial F;{x) satisfies P, (x) = Fci = c[:c1 -1".
2"nl dx
¢) Define regular singular point with an example.
(6+6+2)
5 a). Derive Bessel’s function of the First kind.
b) With usual notations for Bessel functions show that
; d
(i) = (t"1p() = t7)p-1(0)
-y d = =
(if) E(t Ple(t)) = —t Plp4a(t)
(9+5)
Contd...2

Scanned by CamScanner



PS 563.3
s Matriy'y Page No.2

il
6 a) LetA(t)bean nxn continu? nj Let

. soluy
column (i=1,2,..,n) is ’ 0N of ""“‘A(
U Th
) . en show that

y(D=tr
j (1)) W), re,
)ds, tep I tye ! then show that

D(r)
€an p, , matrix whose jth

W(t)=det d(r) satisfies
W(t) = W(ty) expf:;n‘(ﬂ(S)

b) Find the fundamental matri¥ for X S Ay

where Aé[ ok J
W) _'2 3

7 a). Let A() bean nx»n continu® Xon ("°°v°°Jand e (7+7)

If ®(r) is a fundamental matrix T the System X'= 4 )X
~ U)X, then show that

(¢ +0)is also a fundamental MatTiX. Sho, that any fy g
amental matrix D(r) can

be written as ®(r) = P(f)em; where 2(;) iSanon

“Singular periodic matri
i i ic matr
period @ and R is a constant matrix. ix of

b) IfAisan nxnconstant matrix, find a fund,
menta| matrix of v*
X'=A(1)X, by

considering the cases where the eigen Valye
Sof Aare al] gistj
stinct.

8 a) Stateand prove Gronwall’s inequality, (7+7)
b) Find the first four Picard’s approximations of the initial valy bl
) e problem
x =t+x, x(0)=1. Further find the limit of these approximatio
ns.

T ALOYSIUS COLLECE

P t,ll‘li'drj\ = b0l (7+7J
NI HORLS 15 0‘.;,
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1. a) Define a nilpotent element in 4 ring A ghow that the set of aJ) nilpotent
elements forms as ideal of A.

b) Define the Jacobson radical J of ting 4. Prove that an element x € J if and
only of 1 —xy isa unitin A, for everyy e A

¢) Prove thatin the polynomial Fing A[x], the nilradical ad the Jacobson radical

are equal. (5+5+4)

2a) Prove thatevery non-unitin a Non-zerq ring A is contained in a maximal

ideal.

b) LetA be aBoolean ring. Prove that every prime ideal p in A is maximal and

that 4/;, is a field with two elements.

c) Iff:A-Bisaring homomorphism, define the extension ¢ of an ideal I of
A.1f I is a prime ideal of A, is I° prime? Justify your answer.
(7+4+3)

3.a) If py, p2, ., pnare prime ideals of a ring A, and / is an ideal of A, contained in

UL p;, then prove that € p; forsomej,1<j <n.

b) IfA isaring, describe the prime spectrum of A. Further, show that spectrum

Ais a compact space. (6+8)

4.a) Define a finitely generated A- module. If 0 = M'— M — M" — 0isan
exact sequence of A-modules such that M" and M" are finitely generated,
then show that M is finitely generated.

b) LetM be a finitely generated A-module, let / be an ideal of A and ¢ be an
A-module endomorphism of M such that (M) € IM. Prove that ¢ satisfies
an equation of the form @™ + a,@" ' + * + @, _1¢ + a, = 0, where
a; € 1,1 < i < n. Hence deduce the Nakayama's lemma.

(5+9)
5a). Let/beanideal ofaring A andletS =1+ /. Show that S is multiplicatively

closed in 4. Deduce that §~1/ is contained in the Jacobson radical of ' A.

Contd...2
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uence of A
b) L Asgl::tlules, show that for a
- 1, Mol o ey
multiplicatively closed set S i/ P STIM —, §-1M" s exact.

at [ i
¢) 11,/ are ideals of a ring A such that/is finitely Benerated, show that
STl D =(S"1:87Y) _ (4+5+5)
e PiSaneie
6a) Show that A, is alocal ring: W'"jr_c P15 prime ideal of 4,

| . momor
b) If ¢:M = Nisas A-module homo™MOTPhism, show that the following
statements are equivalent:
i) ¢ isinjective !
il) @y: M, — N, is injective for €'Y Prime ideal p of 4,
i) 2 My, = N, is injective for €Ty maximal ideal m of A.

If M 4 MM is an exact s€4

¢) LetSbe amultiplicatively closed subset of a ring A, and let M be a finitely
BTy e
generated A-module. Prove that S M = 0 ifand only if there exists an

elements € S such thatsM = 0- (4+5+5)

7a). Let S bea multiplicatively closed S€t in ring A. Prove that there exists a
one-to-one correspondence between the set of all prime ideals of S~*A and

the set of all prime ideals of A disjoint with S.

b) Letf: A— B bearing homomorphismand let p be a prime ideal of A.

Prove that p is the contraction of a prime ideal of B if and only if p®¢ = p.
Al by: H|‘\. ‘OLLI:‘_;L

e R (8+6)
Ba) Define a minimal primary decompo;it.i‘dr'il.' éltééél';r;cibt;'r'o%ejthe First
Uniqueness Theorem.
b) Ina Noetherian ring, prove that every irreducible ideal is primary.
(8+6)

LER R L)
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1. a) Find the value of 14}
b) In the spherical

A representation of the extended complex plane, show

rrEtogna .and straight lines in the extended complex plane

pond to circles on the Riemann sphere

qim

(a-siy*|
(5+4i) ™| - ST.ALOYSIUS COLLEGE (2+10+2)
PG Library
MANGALORE-575 003

c) Find the value of

L -Ts
a) Proveth i -
) at the function f (z):l z[’ is continuous everywhere but

nowhere differentiable except at 0.
b) State and prove a necessary and sufficient condition for a function

£(z)=u(z)+i v(z) to be analytic in a region Q.

c) Show that e’ has no zeros in the complex plane.
(3+9+2)

3. a) Determine all the values of i'.
State and prove Abel’s limit theorem.

¢) Find the radius of convergence of Z'ZT (2+10+2)
n

n=Q 1%

4. a) If z,2, 2 arethree distinct points of the extended complex plane,
define the cross ratio (2, 220 230 24
if T is a linear fractional

) and show that

(Tz,, Tz, T3 Tz,)= (2, 220 25> z,)

transformation.
b) Find the bilinear transformation which maps ~1,0,1 of the z-plane

onto -1, -4, 1 of the w-plane.
1
¢ the circle |z—3i|=3 under the map w=—
r4

¢) Find the image 0
(8+3+3)

Contd...2
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5. a)

b)

6. a)

b)

7. a)

b)

c)

8. a)

b)

Possible to write

q:.'f
Page No 1

If p(x.y) and g(x,y) are real or complex valued continugys ,
p -+n,' what 1"

Nety
defined in a region Q and If y is any curve in Q, then Shoy, that%
Iﬁdv + gdy depends only on the end points of » jf and only if the,

) g

O and Y _
exists a function U(x, y) in Q with o= 5 e

dz . P
Prove that I_ , ~2m where C is a circle with center a', (151-4}

State and prove Cauchy's theorem for a rectangle,
Show that the index of 'a' with respect to a Piecewise diﬁer&ntiabh

of the regions determined by Y.

(10-!-4)
State and Prove Cauchy’s integral formula,

Find the vajye of J' S & ST.ALOYS!MS COLLEGR

State and prove Liouville’s theorem, (7+245)

State the maximum Principle for analytic functions. 1f £ (z) is

continuous on a closed and bounded set £ and analytic in the
Interior of £, then show that the maximum of | 7)| on E is

assumed on the boundary of K.

If 7(z) is analytic in a region containing 'a', then show that it is

. (1)
f(z)= S (a)+ flfﬂ) (z —a)+ .. + “'%;:-i-(f:-)-(z -a)"! +£,(2) (z- a)', where |
1. (2) is analytic in \ (7+7)
tatt*t**tt:

Scanned by CamScanner



b)

c)

b)

Max. Marks: 70
from the following (14x5=70)

the topalogy generated by a basis.
Show that the collection rigeharat Yy

X.
If B

Define basis for topo!cgy and

ed by a basis 3 is a topology on

is a basis
for some topology on X then prove that the

collection of all unions of mempers of B Is a topology on X .

If€isa i
collection of open Subsets of a topological space X such

that for ea ¢
ch xe X and each open set U of X containing x, there is

[
an element Cin € such that xeC < Uthen show that € is a basis for
the topology on X . (5+4+5)

Define closure A of a subset 4 of a topological space X . Prove that

x € 4 if and only if every neighbourhood of x.intersects 4.
Define the interior and boundary of a subset 4 of a topological

space X . Show that 4 is the disjoint union of interior and boundary
of 4. (6+8)

Prove that every T, - space is a 7, - space. Discuss the converse.

Prove that the product of two T, - spaces is a T,-space.

If X is a topological space then prove that X is T, if and only if
every finite set in X is closed. (4+4+6)
Let X and Y be topological spaces and f:X — Y be a map. Show

that the following are equivalent: ~ ST,ALOYSIUS COLLEGE
PG Library

) f is continuous MANGALORE-575 003

ii) for every subset A4 of X,I(E}QT(Z)

iii) for every closed set B of ¥, the set f “'(B) is closed in X .

State and prove Pasting Lemma. Show that if f,g:R—R are
continuous, then the map & : R—R defined by h(x)=min{f(x), g(x)} is

continuous.

Give an example to show that a one-to-
eed not be a homeomorphism.

(6+6+2)
Contd...2

one continuous mapping of

one topological space onto another n

(@

il
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Show that the union of a collection of connected sets, j, 2 |
0
5. a) g a point in common is connecte d

topological space, havin
Is R, a connected topological space? Justify.

b)
nected s
Prove that finite cartesian product of con Paces g conp

: ted if and on|
Prove that a space X" Is locally connecte nly if for v !

d)
open set U of X', each component of U is open in X,

(4+1+ 5 1"!]

Define a compact space. Is R compact? Justify.

6. a)

b) Prove that every closed subspace of a compact space js Compatt‘

c) Show that continuous image of a compact space is COmpact.

d) Show that a topological space is compact if and only if for every
collection € of closed sets in X satisfying the finite i“tEf’Sectiun
property, the intersection NC is non-empty.

cec
7. a) Define a second countable space. If X is second countag: :;::4

that every open cover of X contains a countable sub collection
covering Y.
b)  Prove that every compact T, - space is a 7, - space.

c) Give an example of a metrizable Space which is not second
e i ;_H .

countable, J
Miraalh: 20 (4+8+2)
VRELT5 003
8. State and prove Urysohn Lemma.
x**!t****t* (14)
1440 J JIA |
JEg

.‘.la - L ""0 A i
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f ¢, is a solution of x" .
y, @) 1f gy ¥+a (f)x +a,(1)x=0 on an interval / and if d1(t) #0, VLE .

b)

7 a)

Then show that = T 1 y
e ¢2 (1) ¢I (1) j—._z___ exp J'__ a](;) dlf ds is another solution.
’n¢| (s) f

Further show that these solutions are linearly independent on /.

ing the meth ;
Using od of undetermined coefficients, solve the differential equation

B, L f
=-2x'+x=t+e'. (8+6)

If g1 (), 2() ..., P, (£) are solutions of equation

(n) (n-1)
2 (t) +ay (O)xV(E) + o+ + a,(8) x(t) = 0, then prove that they are linearly
independent on I if and only of

W(1(8), d2T8), .. $n(t)) #0 Ve el

Solve the IVP: x"—3x"+2x=0, x(0)=-1, x'(0)=0.

Find a particular solution of x"+x'=sin2s.
(8+4+2)

Find two linearly independent solutions of x" +2x'+ x=0.
State and prove Abel’s formula for n* order linear homogeneous differential equation.

Compute the Wronskian of t? and t|t| on R and show that they are linearly

independent on R.

(2+8+4)
Find the Legendre series of the function f(x) =e*.
N
- o _2
Show that the Legendre polynomial P (x) satisfies P, (x)= T (x2 -1)".
Define regular singular point with an example.
(6+6+2)
. Derive Bessel's function of the First kind.
With usual notations for Bessel functions show that
(1) %(tFjp(t)) = t"Jp-1(t)
(i) < (t"1p(®) = —t " Jp4a ()
(9+5)
Contd...2
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. : x n matrix whose i,
6 a) LetA(t) bean nxn continuous matrix on /. Let ®(r) be an n
d

b)

b)

b)

\ ¥

Page No,2

hen show ¢
column (i=1,2,..,n) is a solution of X'=A()X,tel. T hat

then show ¢
W(r)=der d(r) satisfies W'(r)=tr(A(r)) W(1), tel. If tyel then show thy,

W(t) = W(t,) exp jr:, tr(A(s))ds, tel.

Find the fundamental matrix for X' = A(t)X
1044 3-~2]-_ |
where 4=/ =
+'I _:'2.} - 3_ i {7"‘?]
Let A(r) bean nxp continuous matrix on (~w,)and be periodic with period 4

IF®(r) is a fundamenta] matrix for the system X'= A(¢).X, then show that

O(r + ©) is also a fundamental matrix. Show that any fundamental matrix D(r) can
be written as O(1)= P(t)e"?, where P(t) is a non-singular periodic matrix of
period @ and R is a constant matrix.

IfAis an nx 7iconstant matrix, find a fundamental matrix of X'= A(t)X, by

considering the cases where the cigen valyes of A are all distinct.

Mo [7+7)
_— ) Sr‘p_:. '--_LE.GE:
State and prove Gronwall's mequah_ty.\ ey .
M‘_‘_*..w----ﬂ _’303
Find the first four Picard’s dpproximations of the initial valye Problem
X'=t+x, x(0)=1. Further find the limit of these dpproximations,
(7+7)

FE bk
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e anilpotent element i e .
R Sementinaring A Show thiANSAYRLir b 80nt
elements forms as ideal of A,

\ofine the Jacobson rad 3
b) Defin _ ical J of a ring A. Prove that an element x € J if and
onlyof 1 =Xy isaunitin A for everyy € A

in th il pi
¢ Prove that in'ti1e polynomial ring A[x], the nilradical ad the Jacobson radical
e (5+5+4)

t ev Sinik ,
7a) Prove that every non-unit in a non-zero ring A is contained in a maximal

ideal.
b LetAbeaBoolean ring. Prove that every prime ideal p in A is maximal and

that 4 /p is a field with two elements.

¢) Iff:A-Bisaring homomorphism, define the extension I° of an ideal I of
A.IfI is a prime ideal of A, is I° prime? Justify your.answer.
(7+4+3)

3.a) If p1, p2, ., Pn are prime ideals of aring A, and / is an ideal of A, contained in

U;l:l P then prove that [ S p; forsomej,1<j<n
b) IfA isaring, describe the prime spectrum of A. Further, show that spectrum

A is a compact space. (6+8)
4a) Define a finitely generated A- module. IfO-M—>M-—M'— Qisan

exact sequence of A-modules such that M’ and M" are finitely generated,

then show that M is finitely generated.
b) Let M be a finitely generated A-module, let I be an ideal of A and ¢ be an

A-module endomorphism of M such that @(M) € IM. Prove that ¢ satisfies

an equation of the form @™ + a @™t + o+ Apo1@ + an = 0, where

a; €1,1 < { < n. Hence deduce the Nakayama'’s lemma.
(5+9)

53). Let] be an ideal of a ring A and let § =1+ . Show that § is multiplicatively

closed in 4. Deduce that S~/ is contained in the Jacobson radical of $=14,

Contd...2
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FIVE FULL questions from the following (14x5=70)

1. a) Define stereo
extended con?;:aihl:apmjemon of the Riemann sphere onto the
sphere correspond to ne and show that circles on the Riemann
complex plane und circles or straight lines in the extended
nder the stereographic projection.

b) Find the four values of ¥=1 STALOYSIUS COLLEGE
2 Fi, lihrary
MA.\UALCJRI."-;FS 003

<lif |z]|<1 and |z,|<I. (1042+2)

¢) Show that
- 1=2 2,

Z' —-zl

o a) Ifal
2, a) | the zeros of a polynomial P(z) lie in a half-plane, then sNOW

that all the zeros of P'(z) also lie in the same half-plane.

b) Show that an analytic function in a region & whose derivative

vanishes identically must reduce to a constant.

)=% Is not differentiable at 2ny point.

¢) Show that the function f (z
(6+6+2)

3. a) Define the exponential function ¢ and show that et =ee’ forall

a,be C
b)| If Y4258, ECIS BIPOWET series, then show that there exists @
n=0

number R, 0S RS such that ) a,z" converges absolutely for
n=l

he sum of the series is an analytic function in

every z with |z[<R:t
(4+10)

|z|<R and it diverges for |z|> R

cross ratio (2, 22, 21 %4 ) is real if and only If the four

le oron @ straight line.

the points 2 and z
and z,?

4, a) Show that the

points lie on @ circ
* are symmetric with

b) When do you say that

respect to the circle through z;, Z2
-plane onto the

=f-'-l maps the imaginary axis In the z

) Show that W =77
(9+2+3)

contd...2
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PH 561.3
5. a)

b)

6. a)
b)

7. a)

b)

c)

8. a)
b)

Page No, 2

If p(x,y) and q(.r.y) are real or complex valued continuous functiong
defined in a region Q and If ¥ Is any curve in ©, then show that
he end points of y if and only if there

Ipdt + qdy depends only on t
4 |

ou oUu
exists a function U(x, y) in Q with —=p and —=g¢.
ox A
Show that the index of 'a' with respect to a piece-wise differentiabje

Closed curve y which does not pass through 'a' is constant in each

of the regions determined by . (10+4)

State and prove Cauchy’s theorem for a rectangle.
If f'(2) is analytic'on a rectangle R except at a point a in the

Witerior of &' and if im  (z-a)f(z)= O then show that
za

2 s (10+4)

LORE 515 003

II‘:"—"l FiY! - 4

j‘ f(2)dz=0.
aR
State and prove Cauchy’s integral formula.

Find the vajue of I SN
I"l'z Z—'I

Prove that every polynomial over C of degree >0 has atleast one

root. (7+2+5)

State the maximum principle for analytic functions. If flz)is

continuous on a closed and bounded set E and analytic in the
interior of £, then show that the maximum of | ()| on E is
assumed on the boundary of E.

Show that a non-constant analytic function maps open sets onto

open sets, (747)
0K KK o o o
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StA
loysius College (Autonomous)
semester III - PG Bl
-G. Examination - M. Sc. Mathematics
November - ,, .

pov: TOPOLOGY

- 5 Max. Marks: 70

swer any
An ) Deﬂneﬂlﬁ_ﬂll.l. questions from the following (14x5=70)
1. @ co-finite topology r on X and show that (XY, 7)Is 2
topological space.

b) If8 and &'
B’ are bases for the topologies r and t' respectively on 2

set X, then show that r' is finer than 7 if and only if for each
x € Xand each basis element Be B containing x, there is a basis

element B'e B' suchthat x€B'cB.

c) Define the topologies of R, R, and R, and compare them.

PCi Library

2. a) Show that {(x, y)e R?|x20and , MANCALRRE T 9

b) If Yis a subspace of X and AcY then prove the following:

i) Closure of 4 in ¥ is AnY, where A denotes closure of 4 in X,
i) 4 is closed in Y if and only if it equals the intersection of a closed
set of X with Y.

¢) If A is a subset of topological space X then prove that A=Aud',

where A' is the set of all limit points of 4. (2+8+4)
3.) IfXisa Hausdorff space then prove that every finite setin X is

closed. Is the converse true. Justify.
b) Prove thata topological space X is Hausdorff if and only if the

diagonal A= {(x,x)e XxX|x€ X} is closed in XxX.

ubspace of a Hausdorff space is Hausdorff.

c) Prove or disprove S
(7+5+2)

4. a) If f:X —» Yis continuous then prove that f (H)«; 7(A), for every

subset 4 of X .
b) Define convergence of a sequence |
and prove Sequence Lemma.
) Let X be a metrizable space: Prove
y If f(x,)-»f(x) in ¥ whenever x, =2 x in X.

(2+6+6)
Contd...2 l

n a topological space and state : ‘

thatamap [ X =Y Is

continuous If and onl
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PH 562.3
5. a)
b)
c)
d)
6.
7. a)
b)
8.

Page No. 2

Define a connected space. Give an example each for a connected

space and not a connected space.
Prove that the union of a collectio
that have a point In common Is connected.

Define connected components of X . Prove that the components of
X are connected disjoint subsets of X whose union is X such that
each connected subset of X intersect only one of them.

If 1:[0,1]-[0,1] is a continuous map then show that there exists a
(3 +4+s+2)

n of connected subspaces of X

point x € [0, i] such that f(x)=x.

If £:X > 7Y is a bijective continuous map where X is compact and

Y is Hausdorff then prove that f is a homeomorphism. (14)

Define a separable space. If (X, d) is a metric space, then prove that

X is separable if and only if it is second countable.

Define'a regular space. Prove that every compact Hausdorff space is
‘reqular. (8+6)

State and prove Tietze extension theorem. (14)
STATONS IS CoLLECE

POl iwrany
i.\lr\N\.-'la\L(Jn'L‘l'i 3 [VIUR]
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St Aloysius College (Autonomous)
Mangaluru

gemester III - P.G. Examination - M.Sc. Mathematics

November - 2017

ORDINARY DIFFERENTIAL EQUATIONS

me: 3 WogES Max.Marks:70
f PART -A

ﬂwranyﬂ.ﬂﬂ.f“" questions.
A

yi 3) pefine the Wronskian of n functions. Compute the Wronskian of the functions sin £,
5 cost, sin2t,t ER.

>

i p) Prove that the n solutions by, by, .y, oF
£®(0) +a,(€) X™(t) + -+ a,(t) x(¢) = 0 on ] are linearly independent on an
. interval I if and only if W (d, (t), b, (), e ba(D) £0 Vit EL
¢) Usethe method of undetermined coefficients to find the particular solution of
y'-y=t2+1 (3+8+3)
7 a) Describe the method to find the second solution of " + a,(t)x' +az(t)x=0onan
interval I if one of its solution ¢, (t) # 0 V¥ t € I is given. Further show that these two
solutions are linearly independent over /.
b) Find the solution of x” +x =tant, 0<t <> usingmethod of variation of

E
*ST.ALBYSIUS COLLEGE

parameters. Pti Library

MANGALGRLE-575 003 (8+6)
3 a) Find the general solution of the Legendre equation
: (1-x2)y" —2xy' + p(p + 1)y =0, pisareal constant.
' b) Show that the Legendre polynomial A, (x) satisfies
=L L @2—1)" (8+6)
Pu®) =g v G — D™

i
2
4.a) If P, isa Legendre polynomial, then prove that _{P,,‘ (x) dx= =

b) Consider the equation 2¢2x" + ¢t (2t + 1)x' —x =0.Showthat t = Oisa regular

i -
singular point.

¢) Express Js(f) intermsof Jo () and J; ().
(8+2+4)
53). Find the solution of the differential equation t? x — (1 +¢£) x = 0 of the form
e E akr*, where m, a; are constants to be determined.
k=0
R
i_ b) Find the Legendre series of the function f(x) = x°.
1 c) Compute the indicial polynomial and their roots for the equation
x%y" 4 sinx y' +cosxy = 0.
(7+5+2)
Contd...2
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g PS 563.3 e
6 a) LetAbeann X n constant matrix. Find a fundamental matrix for X" = AX, by
considering the cases when some of the eigen values of A are repeated.
P b) Determine a fundamental matrix for the system X' = AX
3 1010
t for where A=|0 3 |
M 0 0 3 (747)
v th 7 a). LetA(t) bean nxn continuous matrix on /. Let ®(f) be an nx n matrix whose it
column (i=1,2,..,n) is a solution of X'=A(t)X,rel. Then show that
.. W(t) = det ®(t) satisfies W:(,)=".(A(,)) W(t), tel.If toel then show that
W(t) = W(to) exp [, tr(A(s))ds, tel.
b) Let A(r) bean nxn continuous matrix on (~e0,0)and be periodic with period o
If ©(7) is a fundamental matrix for the system X'=A(f)X, then show that
& ®(r + o) is also a fundamental matrix. Show that any fundamental matrix @ () can
5
( be written as ®(1)= P()e™®, where P(r) is a non-singular periodic matrix of
. period @ and R is a constant matrix.
[ VAT 47

8 a) Lét?(i,!:éjﬁé afgon!lnuous function defined over a rectangle
R2Y(t,x):1E=t5] < p, |x — xo| < q} where P, q are some positive real numberL.

ar .
Let =t be defined and continuous on R. Then prove that f(t, x) satisfies the

Lipschitz condition on R. CLALDYS) y COLI B

NN

b) Letf, g, h be continuous non-negative functions for ¢t > te SALORE-575 003

- |

IfFf(t) < h(t) + ft: f(s)g(s)ds, t > t, then prove that
f(t) < h(e) + ft: h(s)g(s) exp[ J:_q(u)du] ds, t >t
(7+7)

LT
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PS 564.3

6a)

b) Show thatevery ideal in S™' A4 isan extended ideal.
c) LetM be an A-module. Prove that the following

7 a).

b)

8a)

b)

Page No.2

Let g:A = B be aring homorphism and § be @ multiplicatively closed set in

A such that g(s) is a unit in B for every s €S. Pr
ring homomorphism h:S~'A = B such that g = he

is given by f(a) =E Va€A.

ove that there is a unique
f, where f:A- S‘%ﬁ

|

statements are equivalent:

i) M=0
ii) M, = 0 for every prime ideal p of A.

iii) M, = 0 for every maximal ideal m of A.
[6+3+5]

Let Atbea ring and S be a multlpllcatwely closed set in A. Prove that there

on ideals of 5~
is one-tggne correspondefite between the set of all prime ideals 0 A

and the set of all prime ideals of A which do not meet S. | |

If M is a finitely generated A- module and Sisa multiplicatively closed setlin

A, show that S~ (Ann(M)) = Ann(S~*M). (9+5)

Define a primary ideal in a ring A. Show that the intersection of finitely many
p -primary ideals is p -primary. e btjits e

Nqa‘& .l 12.-._ 574 005
State and prove the Second Uniqueness Theorem or primary

decomposition. (4+10)

FEETT T Y
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