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1. (a) State and prove the Lagrange' theorem for finite groups.
(b) Let a,y,z and w be elements of a group G with yz = 1, where 1 is the identity. Does it

(ollows that yza =17 Does it folloys that yzz = 17

) Define a normal subgroup of o group, Show that a subgroup H of a group G is normal if ]

onlv il every left coset of H iy ¢ ig also a right coset of H in G. (T+3+4)

)17 and Nare normal subgroups of 4 group G with G = HK and H N K = {¢}, where « is

o
g

the identity clement in G, then show that G is isomorphic to H x K.
(b) Prove that every subgroup of a cyclic group is cyclic.

(c) State and prove the first isomorphism theorem for groups. (6+4—4)

3. (a) Let ¢ : R™ — R™ he any function. Then prove that the following are equivalent:
(i) ¢ is an isometry which fixes the origin.
(i1) ¢ preserves the dot product.
(i) @ 1s an orthogonal linear operator.

(b) Dehne an isometry of R® Prove that every isometry of R? is either a translation or a rotation

(T+7

or « reflection.

4. (a) If p and ¢ arc prime numbers, then prove that no group of order pq is simple.
(b) Prove that the group GLy(IF,) of invertible matrices with mod 2 coefficients is isomorphic to
the symmetric group S.

(¢c) Show that a p-group G has a non-trivial center. (54+5+4)

by |

(a) State and prove the first Sylow theorem for finite groups.
(L) 11 pis a prime, then prove that every group of order p? is abelian. (9+5)
O (o) I 1 and K are subgroups of a group G, then show that [H:HO K] <[G: K],

() State and prove the Cayley’s theorem for finite groups.
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for groups of ord

tions
ass equd er 8. (6+5+3)

(¢) Deternmne all possible Cl
of order 19 is ¢

| domain 18

yclic.

(a) Show that every group
a field.

(h) Prove that cvery finite integrd
_ o ith identity hiay; :
}is a commutative ring v Mg only two ideals {0} and 12 itsclf. then

(5+5+4)

(¢) IfR#{0

prove that R is a field.
T ; om i ;

(a) Let ¢ : R = R’ be a surjective ring homOmOrphisy, with kernel K. Prove that there is o

B s e set of all ide
bijective correspondence between the set of &l ideals of B and the set, of all ideals of A tha

contain K.
(b) Describe all ring homomorphisms of Z into Z X Z.

(c) Determine all units in the ring Z/ 12Z. (8+4-+2)
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Answer any FIVE <L questiong r}‘r(rl);\n'-ﬂl;i‘Ff«:)fi.(fiv‘ng: (14 x5="T0
O Dehne a row-echelon Mmaty; | o
| * Prove | anyv n matrix can he reduced to a
w- Nt "'! [!J]'II ]\- f Thve .h(,f anv m x nm 3
row-cchelon 'V applving finitaly many clementary row operations
: ;2 1 1] rol
(1) Solve the system of equationg AX=p whenA=1[3 0 0 {| and B = EZ
o il : [al
i 1 —4 -2 QJ 5.3_-
(c) II'Ais an n X nmvertible Matrix then show that (A~')" = (A’ \-1 (T+5+2

o 7uh Prove tlis e followi ‘s
2. (a) Prove that th owing conditio, are equivalent for a square matrix A

(i) A can be reduced to the identity matrix by applying elementary operations

(i) A s a product of eiememar), -
(ii1) A is mvertible

(iv) the svstem AX = 0 hay only the trivial solution.

(h) Derive the formula for the determipggt of an n x n matrix in terms of permutations
m S,.

(¢} Determine the permutation matrix agsociated with the permutation

3. (a) Define a Im.-sis'for a vector space. Verify whether B = {(2,4.0)". (4.2.4)". (3. 1.1)°}
is a basis of R® over R.

If S and L are finite subsets of a vector space V over a field F' such that S spans I
and L is linearly independent, then prove that |L| < |S|. Deduce that any two bases
of a finite dimensional vector space have the same number of elements.

(b)

~—

(¢) Determine the dimension of the space Py of all real polynomials of degree at most
: (3+8+3)

4. (a) Vrove that every vector space V of dimension n over a field F is isomorphic to the
space 1 of column vectors,
(h) Prove or disprove: R is a finite dimensional vector space over Q.

(¢) Let V he an n-dimensional vector space and let B be an ordered basis of V. Prove
that the collection of all ordered bases of V is {BP: P € GLn(F)}. (6+2+6)
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) I Wy and W are subgpaces of a finit,, di ‘ g
’ n_]("‘ﬁl"”m.l vectar space over a feld, the

5. (i o subspaces o 2 fing
prove thal dimW, + dimWy = '[”“(W| FWy)
- 2 Hdim(W, nivy)
(h) Show that the space M, (R) of all X n rea) ( J ’
A Matrices is a direct sum of the S]re

of all n x n real symmetric matrices 5, the gy,
“Space of all n % n real skew-svinmetri

niatrices.
(9+3)
‘ rove the rank-nullity the )
a) State and prove the ran ; St 1« o | | g
6. (a) B B I OT SDACE 'or a linear transformation on a finite-
dimensional vector space.

v de for space of T - p3 ) . —

(b) Find a basis for the null spa R® 2 given by T((z, y,2)") < | +y =]
I + |

) eristic polynomig] ¢
(c) Cowpute the characteristic polynowmial, eigenvalues and eigenvectors of the mattix

4 0 0

I =1 0f. (6+3+5

2 6 3

7. (a) Let T be a linear operator on an ?‘d'imensiona,] vector space V' over a field F. whose
characteristic polynomial has 7 distinct roots i F. Prove that there is an ordere
basis of V' with respect to which matrix of 7" i diagonal.

(b) Do A and A’ have the same eigenvalues? the same eigenvectors? J ustify.

(c) Let A be a matrix in O3 with det A = —1. Prove that —1 is an eigenvalue of A.
(6444

8. (a) Define a rigid motion of R*. Show that a rigid motion is the composition of an
orthogonal linear operator and a translation.

(b) Compute e# directly from the expansion, where A =

stk sk ko ok ok
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Answer any FIVE Juestiong from the following

1. a) Define the notion of supremuyyy, for 4 hounded qubset E of an ordered set S.
" ou '

h State and prove ('nllch}/"scl]\f\dﬂ!’z inC(IUﬂ“[y

at there exists a positive integer n such that

&

jonal number between any two real
(2+5+7)

Ix €R yER x>0, they prove th

and henee show (hyg

nxy >y there exijsts a rat

numbers.

a) Define a countable set. Prove (hgy every infinite subset of a countable set is countable.
b) Let A be the set of all sequences of g and 1's. Prove that 4 is uncountable.
¢) In a metric space, prove that any neighbourhood of a point is an open set.

d) Let X denote the set of all nop negative reals. Let d:X XX — Rbe defined by

d(x,y) = (x = ¥)%,V%,y € X.15d a metric on X? Justify your answer.
(5+4+3+2)

3. a) Let X be a metric space and E C . Then prove that E is open if and only if E€ is
closed in X.

b) Prove that every k — cell in R¥ is compact. (5+9)

4. a) Prove that every bounded infinite subset of R* has a limit point in R,
b) Show that every non empty perfect set in R¥ is uncountable.

¢) Deline a connected set in a metric space. (5+7+2)

3. a) In a metric space prove that any convergent sequence converges to a unique point.

b) If X is compact metric space and if {py } is a Cauchy sequence in X, then show that {on }
converges in X,

¢) S lim n— _
) Show that e An=1
nP

i
d)fa > 0 and p is real, then show that nf;m = 0. (2+7+2+3)

Contd...2
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0, then Prove "
sas+ 805 + D€ serjeg g
" Converges.

RS

> 2"
a, + 202

+ N

. a) Suppose a3 n=1{y converges if and only

i e 02“{12 =

i+ e rratlol
b) Prove that € is 1md .
conv
(o test for €OMVergen,

ove the ! Of serjeg. (6+4+4)

¢) State and pr
a metrc Space X in

. a) Prove that a mappm fX for € ery Open set V 4 metric space ¥'ls continiious it aid

only if f~1(V) isopen in ny.

ngofag
S mappl Om a
b) Prove that any continuoy Pact metric space X into a metric space Y
is uniformly continuous. (7+7)

ralized Mean Vajye Theopsis

. a) State and prove the Gene

b) State and prove the Chain Rule for dl&ereﬂtiation_

d) Let f be a real function gefined 00 [@,6] ang differentiable at 4 point x € [a, b].

Prove that f is continuous at -
(6+6+2)

***&*****
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For anv graph & with 6 pointg_ show (hat eithet ¢; or G contains a triangle
b Prove or disprove: if G s Connecteq i Tis d1.<ronll!‘\‘h‘d

s¢ of points.

Show that every cubic graph hag an even numbe

d) Defme the following notions for 5 graph G: (i) walk (i) geodesic (i) girth  (iv) square

(v) circumference. (3+24+4+-5)

2 Let G bea connected (n.q)-gl‘aph with p>4 Prove that the intersection number &(G) = qif
only if G has no triangles. e
) ta) Prove that the following statements are equivalent for a point v of a connected graph
G = (V. E):
(1) visa entpoint of G.
(it} There cxist points u and w distinet from v in G such that v is on every u — w path

(iti) Therc exists a partition of the set V' — {v} into subsets U and W such that for any pomnts

u€ U, w € W, the point v is on every u — w path.

(b) Prove that every tree has a center consisting of either one point or two adjacent points. (6+8)

4. (a) Prove that the following statements are equivalent for a group G:
(it (7 1s a trec.
(111 Any two points of (7 are joined by a unique path.
(111 G is conmected and p =g+ 1.
(iv) G is acvelic and p = g + 1.
(b) Determine the maximum number of cutpoints in a tree. (10+4)
5. (a) For any graph G, prove that k(G) £ AG) < §(G), where x(G), MG) and §(G) denote the
point connectivity, the line connectivity and the minimum degree of G, respectively.
(b) Define the radius r(G) and diameter d(G) of a connected graph G and show that
r(G) < d(G) < 2(G). )
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6. (n) For a plane map (; with] » poir planar p-qtr==¢

(Y} Show that the graphs K and 1 K4 o8 Bl ]
Hh P WAl loagt 4 oo
(¢) Show thal every planal ;'lr‘i’h 4 Fpoints of degree not excecding 5
, graphh then 8POW that o _ o .
planc & P = 6. (542+4+3)

(d) WG asa (9, q) maximal
fa

7 o example Ot A Baph v

~ (a) Define an Eulerian graph. GIVe an e hich is both Eulerian and Hamiltonian
(b) Let G be a graph with p 2 3 pointé-
xceeding n lb Jegs than
P—__ then

2

f for every n, 1gngl=

n and if, for odq . the number of points of
P, the number of noints of degree at mos!

degree not. e
prove that G i Hamiltonjan (24+12)

-1
P~ " Joes not exceed
£ o X(G) L P=
- Bo+1, where By is the point independeric«

8. (a) Forany (p,q) graph G, prove that Et;

number of G.
g g k& le.
(b) Prove that every planar graph 18 5-colorab -
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Answer any FIVE full questions,

1. al

Suppose that 8, 12 and 19 Units of proteins, carbohydrates and fats are the
minimum weekly requiremeny for a person. suppose food A4 contains 2, 6
and 1 units of proteins, Carbohytirates and fats respectively per kg and food
B contains 1, 1 and 3 respectively per kg, If food A costs Rs. 85/kg and food
B costs Rs. 40/kg, how many kjjograms of each should be hought tq
minimize the cost and still meet minimum requirements?

Solve the given LPP by graphical method:
Maximize z = 3x; + 5x,
Subject to
2x, £8
X3 < 6 sT. ALOY
3x, +2x, <18 MANGALORL 375 004
3%, -+ 5%y = 50
Xy, 20
Write the standard form of the Lpp
Maximize z = 5x; + 10x, — 3x;
Subject to
2xy —4x, + x5 < 11
X, —X328
3%, +9%3 <1
X%y = 0

ysIu g COLLEA!

ibrar?

(7+5+2)

A firm manufactures four different machines parts M,, M,, M; and M,
made of copper and zinc. The amount of copper and zinc required for each
machine part, their exact availability and profit earned from one unit of

each machine part are given below.

M, M, M, M, Exact
2 (kg) kg) | (kg) (kg) | availability
Cpoppers o Be L A @ 1 100
{  zinc N R e T 1 75
L Proflt [Rg)_ it T e o R 10

Solve the given problem using analytical method, Also, find

(i) Basic solutions

(ii) Basic feasible solutions i
(iii) Non degenerate basic feasible solutions
(

iv) Optimal basic feasible solutions (14)
Contd--nz
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( | ,orithm to N optimal solution (if it exists)
: Write the simpleX 18 i
| YA (14)
toan LPP g1 Al oy<Ht
= |'|."' g i
WANGA! oRE*
W
4. a)  Solve the given Ll Y gy 4 1xy = M
Maximize Y
Ty + ¥ ]ﬁ
Subjectto nren 50
Yy 4 Xyt Sy 7 #
pa Y _10
1 4 \l'\ + Xy + %
4
> ()
s \:‘“l' al
sl Ll
b)  Write the dual of the 1Pl
3%+ *a
Maximize z = 6x; + %2 3
Wgp - R x4 = 5
Subjectto  3x; + 2X; 7x3
X4+ x4 90, = 7
X1, X2 20
(12+2)
5. Give the transportation algorithm including the steps of the modified
distribution method. (14)
6. A company has 3 factories manufacturing the same product and 5 sale

agencies in different parts of the country. Production costs differ from
factory to factory and sales price from agency to agency. Also the shipping
cost per unit product from each factory to each agency is known. Given the
following data find the production and distribution schedule most profitable

to the company.

Factory Production cost /unit Maximum capacity
scsrtl] (Rs) __(No. of units)
1 15 AN R - -
2 T T L e . L
3 16 R SN TR
Shipping cost | 1 5 | r | i 10 5
for Factory 2 10 8 9 4 7
(Rs) 3.1 48 6 4 3 8
Agency (j) ﬁ__T 2 3 4 5
Demand O 7 T L 39 119
[Salesprice(R) |35 |37 | 36 | 39 | 34
e, e T (14)

Contd...3
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1) Which type of par ' ilor i
ype of Barmeny should he qqsignf'd to which tailor in order to
i I ,‘r ) )
MAXimize profiy . ints?
Profita SUMing thay there are N0 other constraints?

) talor Avis abgen, for

a specified period and no other substitute
tailor is available : ' '
ilor is available, what should be the optimal assignment?

TAILORS |1 MMV

. S A T pn iy W T N
- . N e 7 8
A C— T T 9 8
T s 10 | 10
A R—— — A R T T 9 9
| Profit/ 3 I s | 2
 Garment

—

(14)

Find the optimal strategy of the players and the value of the game.

B
A -3 4 2 . 9
1 7 8 6 10
Lo 6 2 4 -1

For what value of 4, the game with following pay-off matrix is strictly
determinable?

Player B
B] B2 3
4 A 6 2
Player A A, =1 A <7
A -2 4 A

¢) Reduce the given the game by dominance and find the game value.

[ Player B
1 3 4 5
e e 2 7 4
Player A
I/ g e i 1 5 6
I 6 3 7 6 5
ESr Vi4 b N e e 3 e
(3+4+7)
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Lo If () (0 A ()i, (1) are solutions of the equation
<MY+ (7|U)'\'I“7”(l)+ ...... +a,(0x(r) = then prove that they are linearly independent an
7 ifand only if (4 (1), ¢, (g (1))#0 VIe€ b

b) State and prove Abel’s formula for order linear homogeneous differential equation.

(8+6)

-

2. a)Llet 6. ¢, hond, be 1 linearly independent solutions of the equation,

L, (x)=x"()+b ™ ... +, (1)x(f) = 0 existing on /. Let the real or complex
valued function / be defined and continyous on / . Further assume that

wn=w (?’. (0:8,(5),- 9, (¢ )) and W, (f)denote /¥ (£) with k" column replaced by

nelements 0. 0, 0,--,1. Then prove that a pﬁiculm solution x,(f) of L, (x)=h(r)is given

n ,W 0y Ky
b} '\';‘(’) = Z@(t)'[‘"—i%ds + 5 h e ¥

b) Compute the Wronskian of the two independent solutions of x” — 21" +2x =0.
(8+6)
3. a) Prove that the functions x* and ‘x| x’ are linearly independent on [—1,—1] but they are
linearly dependent on [-1,0] and[0,1].

b) Solve x +4x=2sins+1+3 +4e’. (6+8)
4. a) State and prove the orthogonal property of the Legendre polynomials.
b) Find the Legendre series of the function f (x) =e". (8+6)

5. a) Derive Bessel's function of the first kind.

b) With usual notations for Bessel functions show that;

s :
i) E[—(ﬂ.lp(t))w’J,,,.(t)

i) %(z'f’Jp(:)) ==t 1) (8+6)

Contd...2
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walC ‘\”(f) ‘
. ~fthe system = A(1) v
6. a) Definc a fundamental matrix of th ( )'\ (’)

{rix valued rm‘(‘linn onl | )

: g ma A
b) Let A(f)be an nxn continuoy t &(r) be a fundamente)

- 7. Then show
' - 1el. W th
matrix of the systemx = A(r)x- 1 o

det(@ (1)) ””‘(-f(f))dcl(‘h(l))- rel.

al matrix of the system, '

¢) Letd(r). rel bea fundament = Ax where A s constant

ity Matrix. Thep o
matrix such that ®(0) is the identity MalX. Then shoyw ha

O(145)=D(1)d(s). Vsrel (2+745)

7. a) Show that the set of all solutions of the system (1) = A(1)X (1), te 1. formsan n-
dimensional vector space over the field of complex numbers,

b) Let A4(r)be an nxncontinuous matrix on / and be periodic with period e . If ®(1) isa
fundamental matrix for the system X'() = A(¢)x(1), then show that D (1+e) isalso a
fundamental matrix. Justify that for any such (D(l ), there exists a periodic non-singular
P(r) with period @ and a constant matrix R such that @ (¢)= P(r)e'".

(7+7)
8. State and prove Picard’s theorem. (14)
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